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Abstract

Neuralnetworks area usefulstatisticaltool for nonparametricegression.In this thesis,| develop
a methodologyfor doing nonparametricegressionwithin the Bayesiarnframewvork. | addresghe
problemof modelselectiorandmodelaveragingincludingestimatiorof normalizingconstantsnd
searchingof the modelspacen termsof boththe optimalnumberof hiddennodesin the network
aswell asthe bestsubsebf explanatoryvariables| demonstrat@ow to usea noninformatve prior
for aneuralnetwork, which is usefulbecausef thedifficulty in interpretingthe parametersl also

prove theasymptoticconsisteng of the posteriorfor neuralnetworks.

Keywords: NonparametricegressionBayesiarstatistics Noninformatve prior, Asymptoticcon-

sisteng, NormalizingconstantsBayesiarrandomsearchingBARS
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Chapter 1

Intr oduction

1.1 Overview

Thegoalof thisthesisis to provide a framewvork for modelselectionin therealmof nonparametric
regressionandto studythe asymptoticbehaior of Bayesiamrmethodsfor neuralnetworks. Many
standardechniquegor nonparametricegressiorrely on ad hocmethodgo determinghe amount
of smoothingandthe subsetof explanatoryvariablesto includein the model. The Bayesianap-
proachis a framevork in which modelselectionis theoreticallystraightforvard. It alsoprovides
a naturalway to quantify the uncertaintyof a fitted model. Neuralnetworks have beenshavn to
be ableto approximatefunctionswith arbitrarily goodaccurag andhencearea good methodfor
doing nonparametricegression.This thesiscombineghesetwo ideas,shaving how to useneural
networksto do a completenonparametricegressionjncludingthe selectionof the sizeof the net-
work andthe subsebf explanatoryvariables It establishea methodologyfor doingnonparametric
regressiorthatincludesall aspect®of modelselectionandmodeluncertainty Furthermoreijt con-
tainsasymptotiaesultswhich shav thatthemethodsn thisthesishave goodfrequentisiproperties,
suchasasymptoticconsisteng

Thekey resultsof thisthesisarethefollowing: First,| demonstratbow to useanoninformatve
prior for neuralnetworks which is simplerthan other currently usedpriors. Second] shav that

thisnoninformate prior, aswell asmary othermorecommonpriors,combineswith thelikelihood
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Figurel.1: PairwiseScatterplotdor the OzoneData

to producean asymptoticallyconsistentposterior Third, | review mary methodsfor estimating
normalizing constantsan importantissuein model selection,and drav conclusionsabouttheir
reliability. Finally, | describea methodologyfor modelselectiorandmodelaveragingusingneural
networksfor nonparametricegression.

As an exampleof the type of problemto which this thesisapplies,considerthe Los Angeles
ozoneconcentratiomlataof BreimanandFriedman(1985). Thedataconsistof the daily maximum
ozonelevels andeight othermeteorologicalariablesfor 330 daysof 1976. Pairwise scatterplots
(Figurel.1)shav thatmostvariableshave a strongnon-linearassociatiorwith the ozonelevel, and

that mary variablesare highly relatedto eachother Breimanand Friedmanusethesedataasan
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Figurel.2: EstimatedSmoothdor the OzoneData

examplefor their ACE algorithm,reportingthat the bestmodelsseemto useonly four or five of
theexplanatoryvariables.Hastieand Tibshirani(1990)usethesedatafor comparingtheir additive
modelalgorithmsto several otherregressioralgorithms.The estimatedmoothingfunctionsfor all

of thevariablesareshavn in Figurel.2.1 fit thesedatawith aneuralnetwork regressiorof theform

K
vi= Y Bv(x) +ei, (1.1)
=0

whereK is thenumberof hiddennodesthe 3;’s aretheweightsof the basisfunctions they;,’s are
locationand scaleparametergwith h indexing subsetf covariates); YN (0,0?) is the error

term,and¥ is thelogistic function:

1
1+ exp(—2)

U(z) (1.2)
Somequestionf interestare:

¢ Whichexplanatoryvariablegz) shouldbein themodel?

e How mary nodeq K) shouldbein themodel?

1.2 Nonparametric Regression

Linear regressionis a methodof modelingdatawhich usesa straightline in the one-dimensional

caseor a linearcombinationof the explanatoryvariables(a hyperplane)jn the higherdimensional
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case. This model canbe restrictive becausét assumeshat eachexplanatoryvariableis linearly
relatedto therespons&ariable. Theideaof nonparametricegressioris to usea moreflexible class

of responséunctions.Modelsareof theform

yi = f(z5) + &5 (1.3)

where f € F, someclassof regressionfunctions,z arethe explanatoryvariables,ande; is iid
additve errorwith meanzeroandconstantvariance.Sometimesormality of ¢; is assumed.The
main distinction betweenthe competingnonparametrianethodsis the classof functions, F, to
which f is assumedo belong.

Someof the basicnonparametricechniquesre simple smoothingtechniques.In onedimen-
sion, it is easyto smooththe datawithin bins, or by usinga maving average. A more adwanced
approachis to usesplines,pieceavise polynomialsmoothers.In higherdimensionghe basicidea
carriesover, but the implementatiomneedsto becomemore sophisticated. The Loesssmoother
(Cleveland,1979) computesa weightedleast-squarepolynomialregressionn a neighborhoof
eachpoint.

Someof themorecomplex techniquesreformsof generalizecdditve models:
yi =Y felwi) +ei, (1.4)
k

wherecertainadditionalassumptionsre madeaboutthe form of f, or aboutwhich variablesare
includedfor eachfy. HastieandTibshirani(1990)look extensvely attheunivariatesmoothf case.

ProjectionPursuitRegressionPPR)(FriedmanandStuetzle 1981)considerghecase
vi= > fe(vizi) + &, (1.5)
k

where f}, is anarbitrarysmoothunivariatefunction. A neuralnetwork canbe viewed asa special
casewheref is afixedfunction,typically the logistic. Neuralnetworks will be discussedxten-
sively in the next section. Relatedtechniquesnclude ACE (Alternating ConditionalExpectation)
(BreimanandFriedman,1985), AVAS (Additivity andVarianceStabilization)(Tibshirani, 1988),

CART (ClassificatiorandRegressioriTrees alsocalledRecursie Partitioning Regressioror RPR)
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(Breimanet al., 1984), MARS (Multivariate Adaptive RegressionSplines(Friedman,1991),and
wavelets(Donohoetal., 1995).

ACE (AlternatingConditionalExpectation)Breimanand Friedman,1985)further generalizes
theadditive modelby attemptingo find a smoothtransformatiorof boththerespons@andexplana-
tory variableso asto maximizethe correlationbetweerthe transformedesponseindthe sumof
thetransformedexplanatoryvariables.Dueto someknown problemswith ACE, Tibshirani(1988)
createdAVAS (Additivity and VarianceStabilization)as an improvementto ACE. AVAS forces
thetransformatiorof the responsevariableto be monotonic,andsimultaneouslyriesto maximize
correlationandstabilizethe varianceof theerrorterms.

Classificationand RegressionTrees(CART, also called Recursie Partitioning Regressionor
RPR)(Breimanet al., 1984)breakthe datainto subsetandmodelthe functionasa constanover
eachsubset. The subsetsare chosenthrougha recursve algorithmwhich finds the locally best
dichotomoudivision of a singlesubset. A generalizatiorof CART is the Multivariate Adaptive
RagressionSpline (MARS) algorithmof Friedman(1991). Insteadof fitting eachsubsetwith a
constanfunction,eachsubseits fit with afunctionof theform fj, = I1, sk, (zxp — trp)4 Wheres is
asignfunction(either+1 or -1) andt¢ is athreshold.

A comparisorstudy of the above methodswasdoneby Bankset al. (1997). They rana full
factorialexperimentover several differentdatamodelsandmodelselectionconditions.They found
thattherewasno uniformly bestmethod.Eachmethodhasoneor morecasesn whichit is clearly
superiorto othermethodsput it doespoorly in othercases.Thereis very little theoreticalwork
on comparingmethods.DonohoandJohnson(1989)shav that projection-basedhethodssuchas
MARS, PPR,andneuralnetworks shoulddo well asymptoticallyon radially symmetricfunctions,
while Loessis betterfor harmonicfunctions.

Anotherapproactto nonparametricegressioris to borrav ideasfrom densityestimation Ker-
nel smoothing(Silverman,1985)is essentiallykerneldensityestimationappliedto the regression
setting. RecentBayesianversionsof kernelregressiorincludethatof Muller etal. (1996). A gen-
eralizationof the kernelapproachs to do Gaussiarprocesgegression.A Gaussiarprocesds an
infinite collectionof randomvariables{Y (x)}, x € X, suchthatthedistribution for the valuesof

Y (-) evaluatedover ary finite setof pointsis multivariate Gaussian.A Gaussiarprocesscanbe
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specifieduniquelyby its meanfunction E[Y (x)] andits covariancefunctionCov(Y (x1), Y (x2)).
Neal (1996) shavs that undercertainconditionsthe limiting caseof a neuralnetwork regression

with arbitrarily mary nodess a Gaussiarprocessegression.

1.3 Neural Networks

1.3.1 Background

Neuralnetworks were originally createdas an attemptto modelthe act of thinking by modeling
neuronsin a brain. Much of the early work in this areatracesbackto a paperby McCulloch
and Pitts (1943)which introducedthe ideaof an activation function, althoughthe authorsuseda
threshold(indicator) function ratherthan the sigmoidalfunctionscommontoday (asin Equation
1.2). Thresholdactivationswere found to have severe limitations and thus sigmoidalactiations
becamewidely usedinstead/Anderson,1982).

Much of the recentwork on neuralnetworks stemsfrom a numberof papersjncluding Funa-
hashi(1989)andHornik et al. (1989)thatshaved that neuralnetworks area way to approximate
afunctionarbitrarily closelyasthe numberof hiddennodesgetslarge. Neuralnetworkswork well
with both smoothfunctionsand thosethat have breakpointsn them, sincea breakpointcan be
modeledeffectively with a singleextra hiddennode. Suchdiscontinuitiescanbe difficult for other
nonparametriecnethodgo handle.

| shallonly considerfeed-forward neuralnetworks with one hiddenlayer of unitswith logis-
tic activationsandwith onelinear outputunit, astheseare suficient for full approximation.The
underlyingideaof theseneuralnetworksis thatthey usea particularchoiceof functionsto form a
basisover the spaceof continuougunctions. Sigmoidfunctionsareusedto form this basis.l shall
be usingthelogistic function(Equationl.2). Thefull modelwasgivenin Equationl.1. A diagram
of themodelis shawvn in Figure1.3. Eachnodein thelayerof hiddenunits correspondso a basis
function(a ¥; in Equationl.1). In practiceonly afinite numberof hiddenunits areused forming

anapproximatiorto the bestregressiorfunction.
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Figurel1.3: NeuralNetwork Model Diagram

1.3.2 Fitting Algorithms

Thestandaranethodor fitting aneuralnetwork is badkpropagation whichis essentiallyagradient-
descenglgorithm. Eachiterationinvolvesonly two calculationsat eachnode,makingit computa-
tionally efficient comparedo mostcompetingalgorithms.It hasapparentiybeendiscoreredinde-
pendentlymultiple times;it wasmadepopularby Rumelharetal. (1986).

To usethe backpropagatioalgorithm,samplesaretaken from the data,andthe weightsof the
network areadjustedn thedirectionof maximumgradientof thelikelihood. The adjustmentstart
from thefinal outputnodeandare“propagatedbackwardsthroughthe hiddennodesto the input
nodes.

In practice the backpropagatioalgorithmhasseveral problems.First, it is only guaranteedo
find alocalmaximumin thelikelihood.While in mary casest will find theglobalmaximumijt can
easilygetstuckin alocal maximumwhich produceddrasticover-smoothingof the data. Second,
it canget stuckin “flat spots”wherethe gradientis computationallyindistinguishablgrom zero
(typically this occurswhenthe weightsmove the datato the tails of the activation function for a

node). Finally, it cantake a long time to corverge. A goodchoiceof step-sizecanhelp, although
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the optimalchoicecanvary greatlybetweerdatasetsandthereis no goodmethodof determining
theright choice.The network fitting problemis still anopenresearclarea.

Therehave beenmary attemptgo improve the backpropagatioalgorithm. Onetypical fix is
to useweightdecay which is essentiallya shrinkagemethodthatincludesa momentunterm that
is a multiple of the previous changein weights. It canimprove boththe speedandaccurag of a
network. A further modificationis Quidkprop, developedby Fahlmann(1989). It usesa combi-
nationof ordinarybackpropagatiogradientdescentinda local quadraticapproximatiorinvolving
both the currentand previous error derivatives. In practiceit is significantlyfasterthanstandard
backpropagatiomnhile not significantlylessaccurate.FahimannandLebiere(1989)have created
anotheralgorithm,Cascade-Coglation which both selectsa suitablenumberof nodesandfinds
thefitted valuesfor the weights. While this methodis extremelyfast,it usesa very differentnet-
work structurethanl amconsideringit only placesonenodein eachhiddenlayer, andconnectsll

previouslayersto thecurrentlayer).

1.3.3 Fitting Algorithms in BayesianInference

Therehasbeenmuchlesswork doneon fitting a neuralnetwork within the Bayesianframewvork.

The Bayesiamapproactrequiresspecifyinga setof prior distributionsfor all of the weightsin the
network (andthe varianceof the error), thencomputingthe posteriordistributionsfor the weights
usingBayes’'Theorem.Therearetwo mainissueghatneedto be dealtwith here.First, how does
onespecifya prior over parameterghathave little or no interpretablaneaning?Secondhow does
oneefficiently approximatehe posteriordistribution whenno analyticsolutionis knovn?

Often the choiceof a prior is basedon representinghe users prior beliefs. In the caseof a
neuralnetwork, it is difficult to provide ary meaningfuldistribution for aparticularweightsincethe
correspondencketweena weightanda featureof the datais not usuallyeasilyidentifiable. Also,
thereis a certainnon-identifiabilityinherentin the modelin that the nodescan be substitutedor
eachother;if all theinputsandoutputsfor a hiddennodewereswitchedwith thoseof anothemode
in the sameayer, the modelwould be functionallyequivalent,yet theindividual parametersvould
be different. Becauseof this non-identifiability all suggestegbriors aresymmetricwith respecto

theorderingof theweights.
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In Chapter | shallreview severalpriorswhichhave beenproposedAll of thesearehierarchical
in nature.My approachs to useanoninformatve prior, andthenenforcecertainrestrictionsduring
thefitting procesgo ensurehe proprietyof the posterior

The secondssueraisedin this sectionis how to find the posteriordistribution. In someprob-
lems, a good choice of a conjugateprior can make it possibleto analyticallyfind the posterior
distribution of the parametersNeuralnetworks, however, have no knonvn conjugatepriors. Some
of the earlierwork on Bayesiameuralnetworksrelied on fitting the network with backpropagation
andthenusinga Gaussiarapproximatiorto getthe posteriordistribution (BuntineandWeigend,
1991). Modern Bayesianstatisticshasbeenaidedby the introductionof Markov Chain Monte
Carlo(MCMC) methodswhich allow oneto getanapproximatiorof the posteriordistribution by
simulatingrandomdraws from the distribution. To getthesedrawvs, onesimulatesa Markov Chain
with stationarydistribution equalto the posteriordistritution. This is relatively easyto do with
Gibbssamplingby samplingfrom the conditionaldistribution for a parametewhenall otherpa-
rametersareknown. At eachstep,a single (possiblymultivariate) parameteis updatedfrom its
completeconditionalwherethe currentvaluesof the otherparametergaretemporarilytakenasthe
true valuesfor the conditionaldistribution. Eachof the otherparameterss thenupdatedn turn.
In the casewherea conditionaldistribution doesnot have a recognizablegform and thus cannot
be usedfor simulation,the Metropolis-Hastingslgorithmcanbe usedfor thatstep. Let 7 bethe
conditionaldistribution of interest et the currentvaluefor a parametebew andgenerate candi-
datevaluew* from somecorvenientdistribution. Thenaccepthe candidatevaluewith probability
min (1, %) andotherwisekeeptheold value. This algorithmis dueto Metropolisetal. (1953)
and containsGibbs samplingas a specialcase,which was introducedin a paperby Gemanand
Geman(1984). Theunderlyingstatisticatheoryof MCMC wassolidifiedby Tierney (1994).

Nearly all modernmethodsfor fitting Bayesianneuralnetworks rely on MCMC. Miller and
RiosInsua(1998b)usea multivariateversionof MCMC andmaginalizeover someparameterso
increasgerformanceNeal (1996)usesa hybrid Monte Carloalgorithm(Duaneetal., 1987)which
combinesthe Metropolis-Hastingslgorithmwith methodsfrom dynamicalsimulationsampling
technigues.MacKay (1992) combinesMCMC with a local Gaussiarapproximation.l shallalso

useMCMC, with an additionalrestrictionduring a Metropolis stepto prevent the posteriorfrom
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beingimproper

1.4 Model Selectionand Model Averaging

Model selectionfor a neuralnetwork entailsboth a selectionof the structureof the network (in
particular how mary hiddennodesto use)anda selectionof which explanatoryvariablesto use.
Thenext subsectiomivesanintroductionto the problemandaddressesomephilosophicabspects.
Theremainingsubsectionsliscussvariableselectiormethodsmethoddor selectinghesizeof the

neuralnetwork, methoddor attackingthe combinedproblem,andmodelaveraging.

1.4.1 Overview of Model Selection

Themorehiddenunitsthatareused the betterthefit. With enoughunits,onecangeta perfectfit of

the data. Thusthereis the needto balancewo competingdesires:to increaseéhe numberof units
to improve the fit andto limit the numberof unitsto decreaseverfitting andimprove predictive

performanceAt thesametime, we arealsointerestedn choosingamongstompetingexplanatory
variables. Justasin a multiple linear regressionover a wide rangeof candidatesxplanatoryvari-

ableswewould like to beableto useonly theimportantvariablesandto leave the othersout of the
model. The additionalchallengehereis thatwe needto simultaneouslhchooseour variablesand
choosehesizeof thenetwork.

Therearemary competingideason how to choosethe bestmodel. Someare basedon maxi-
mizing the likelihood subjectto somepenalty suchasthe Akaike Information Criterion (Akaike,
1974)andtheBayesiarinformationCriterion(Schwarz,1978). Anothermethodis cross-alidation
(Stone 1974).Thesearediscussedn moredetailin the next subsection.

In Bayesianinference,onecansimply pick the modelwith highestposteriorprobability The
Bayesianapproachalsolendsitself very nicely to prediction,in the guiseof modelaveraging. In
somecasesthe analystwill find morethanone modelwith high posteriorprobability andthese
modelswill give differentpredictions(see,for example,the heartattackdatain Raftery(1996)).
Picking only a singlemodelwill grosslyunderestimatéhe variability of the estimate sinceit ig-

noresthe factthatanothemodelwith significantposteriorprobability madea differentprediction.
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Instead pneshouldcalculatepredictiong(or statisticghereof)by usinga weightedaverageover all
modelsin the searctspacewheretheweightsarethe posteriomprobabilitiesof themodels(Leamer
1978).Lety betherespons&ariable,D thedata,and M; themodelsof interestfor ; € Z. Thenthe
posteriorpredictive distribution of y is

P(y|D) = P(y|D, M;)P(M;| D), (1.6)

i€

where P(y|D, M;) is the maginal posteriorpredictve densitygiven a particularmodel (with all
otherparameteritegratedout), and P(M;| D) is the posteriorprobability of modelsi.

From a philosophicalstandpointpne might believe thatfor a given setof data,thereis a true
underlyingmodelthatinvolves a particularsubsetf the available explanatoryvariables. This is
the approactof puremodelselection.Oneernvisionsthatif we hadaninfinite amountof data,we
could determineexactly which variablesbelongin the modelandwhich do not. As an example,
someecologistsbelieve that there exists a model which determineghe movementsof manatee
populationgCraig, 1997). Suchan ecologistmight collectdataon all variablesthatwerethought
possiblyrelevant,andthenthetaskof modelselectionwould beto pick outwhich of thesevariables
truly belongin theunderlyingmodel.

An alternatve positionto thatof puremodelselections thatof prediction.Onemaynotbelieve
thatthereexistsanunderlyingtruemodel,or thatwe couldever comecloseenougho thetruth. For
example,onemightnot believe thatwe couldever measureall of thevariableghatwouldinfluence
manategopulations.In this casethe bestwe canhopeto do is to make accuratepredictions.We
maythenwantto resortto modelaveraging.

SomerecentBayesiarapproacheto themodelselectionproblemfor nonparametricegression
include methodsfor splines(and other linear smoothers)Sanil, 1998), CART (Chipmanet al.,
1998;Denisonet al., 1998b),generalizechdditive models(Denisonet al., 1998a;SmithandKohn,
1996),MARS (Denison,1997),andradial basisfunctions(HolmesandMallick, 1998).

1.4.2 Selectingthe Explanatory Variables

As in ary modelfitting problem the moreexplanatoryvariableghatareusedthesmallertheerror

of thefitted function over the testdata. However, usingtoo mary variablescanleadto overfitting,
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wherethe network is fitting the noisein the dataaswell asthe signal,andthe fitted function will
performpoorlyatprediction.To take anextremecasejf avariableis uncorrelatedvith theresponse
variable,it shouldnot beincludedin the modelbecausevhile it may give a slight reductionin the
error, it will nothelp predictive performancen theleast. Anotherimportantcaseis whenexplana-
tory variablesarehighly correlateda subsebf thesevariableswill typically give betterpredictive
performancehanall of themtakentogethembecauseisingall of themwill leadto overfitting. Thus
thereis theneedto balancehedesireto usemorevariablesor increaseaccurag andthe desireto
limit thenumberof variablesfor increasegredictive performance.

Onemethodfor variableselections cross-alidation(Stone,1974). This involvesbreakingthe
datainto sectiongin the extremecase gachdatapointis a separatesection). Thenthe modelis fit
usingall but onesection,andthe erroron the remainingsectionis found. This is repeatedor all
sectionsThemodelproducingthe smallestsumof squarecerrorsis deemedbest”.

Two otherpopularapproachearesimplelikelihood-basedriteria. Akaike (1974)introduced
the first, the Akaike Information Criterion (AIC), which is basicallya penalizedikelihood. It is

definedas
AIC=L—»p, @.7)

where L is the maximumof the log-likelihood and p is the numberof parametersn the model.
The optimal modelis deemedo be the modelwith the largestAlIC. Schwarz (1978)developeda
similar criterion, the Bayesianinformation Criterion (BIC), with a Bayesianmotivation—it is an
approximatiorto thelog of a Bayesfactor Onceagain,the modelwith the largestBIC is selected.

Letn bethesamplesize. ThentheBIC is definedas
1
BIC =1L - Eplogn. (1.8)

The fully-Bayesianapproachs to comparemodelsby their posteriorprobabilitiesor through
the useof Bayesfactors. This requiresa prior over the spaceof possiblemodels,which could be
taken asuniform if thereis no prior information. Supposeave are comparinga setof modelsM;

for explaining the data, D. Denotethe prior probability of modeli by P(M;) andits posterior
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probabilityby P(M;| D). Bayes'Theorenstateghat:

_ P(D|M;)P(M;)
POIDY = & i) PO;) 1.9

Notethat P(D|M;) involves maginalizing over the parametersn the model,which is ananalyti-
cally intractableintegral in the caseof a neuralnetwork. Methodsfor approximatinghis integral
will bediscussedn Chapter4.

TheBayesfactorfor comparingwo modelsis theratio of the posterioroddsin favor of thefirst

modelto the prior oddsin favor of thefirst model. The posterioroddsin favor of model: are

P(M;|D) _ P(D|M;) P(M;)

= , (1.10)
P(M;|D)  P(D|M;) P(M;)
andthusthe Bayesfactoris definedas
P(D|M;)
Bjj = ——1 "2 (1.11)
? P(D|Mj)

KassandRaftery(1995)summarizeéhe modernapplicationsof Bayesfactorsin modelselection.

All of theabore techniquesely onanexhaustve searcho find the optimalsetof variables.For
alarge setof candidatevariablesthis canbe prohibitively computationallyexpensve for nonpara-
metrictechniquesFurthermoremodelsmay befit with iterative algorithms,andthusit is notonly
time-consumingbut for ary given fitted model,the useris not guaranteedo have foundthe best
fit. For example,a neuralnetwork fitting algorithmmay corverge to alocal minimumratherthana
globalminimum. This complicationdoesrt arisein the standardnodelselectiorsettingwhereit is
assumedhatthemodelcanbereliablyfit.

Two frequentistautomatednodelselectiontechniquesre StepwiseRegressiorandLeapsand
Bounds(Furnival and Wilson, 1974). Two BayesianapproachesQccams Windov and Markov
ChainMonteCarloModel Compositionaregivenin Rafteryetal. (1997).They bothusethe Bayes
factor(or anapproximatiorto it) asa guidewhenmaoving throughthe spaceof models.

FosterandGeoge (1997)take anentirelydifferentapproachThey includethe choiceof model
asanothemparameteandaddanotherevel of hierarchyto the modelandfind the joint posterior
They usean Empirical Bayesapproacho selecthyperparameterandthena maximumlik elihood

approximatiorto geta modelscorefunctionthey call the Empirical BayesCriterion (EBC).
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1.4.3 Selectingthe Network Ar chitecture

Justasin the caseof variableselectiona delicatebalanceexists in the selectionof the sizeof the
network. Too mary hiddennodedeadsto a modelthatoverfitsandpredictspoorly. Too few nodes
producesa modelthat over-smoothsandfits poorly. Many of the methodgor selectingthe size of
anetwork areborroveddirectly from the problemof variableselection Cross-alidation,AIC, and
BIC areall acceptednethodsfor choosinghe numberof hiddennodegBishop,1995).

There have beensomemadificationsof the standardmodel selectioncriteria to specifically
addresghe size selectionproblem. Moody (1992) proposesa revisedway to countthe number
of parameterén a neuralnetwork basedon the effectivenumberof parameterswhich is smaller
thanthe actualnumberof parametersisedin the modelbecausef the high correlationbetween
certainparametersvithin a neuralnetwork. The effective numberof parameterganthenbe used
in ageneralizatiorof the AIC. Murataet al. (1994)have developedanothercriterion,the Network
InformationCriterion (NIC) whichis alsoan extensionof the AIC basedon a modifiedpenaltyfor
thenumberof parametergn themodel.

Anotherapproacho the nodeselectionproblemis a shrinkage-basedne. Oftenreferredto as
weightdecay a penaltydependingon the magnitudeof the weightsis addedto the least-squares
error term and this sumis minimized. The hopeis that unimportantweightswill be shrunkto
zero,andthussomenodescanbe eliminated. Weight decayis alsosometimesisedin the fitting

algorithmsto improve the speedandaccurag of corvergence.

1.4.4 SimultaneousVariable and SizeSelection

Thereis not muchin the literature specificallyon the problemof choosingboth the size of the
network and which inputsto use. Mary of the previous methodscan be usedfor both, or one
couldusea combinationof two methods Onecombinedapproactis a procedurecalledAutomatic
RelevanceDeterminationARD) (MacKay 1994;Neal,1996). Themainideais thateachinputhas
its own hyperparametexhichresembles scalefactorfor theweightsfrom thatinputto thehidden
nodes.If thatinputis importantfor ary of the hiddennodes thathyperparametewill belarge. If

thatinputis of no useto thenetwork, thenthathyperparametewill be small.
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My approachto this problemis to usethe full Bayesianframeavork. By putting a prior over
the spaceof all possiblemodels,bothin termsof variablesand numberof hiddennodes,| can
estimatehe posteriorprobabilitiesof all of themodels(or a subsebf themif thespacéds toolarge)
andchoosethe modelwith highestposteriorprobability In practice,l useanapproximatiorto the

posteriorprobabilitiesbasedn the BIC, which makesit mucheasierto compute.

1.4.5 Model Averaging

Model averagingwas first adwocatedby Leamer(1978). By usingthe weightedaverageof the
predictionsgiven by eachmodel underconsiderationweightedby the posteriorprobabilitiesof
the models,onecanbothimprove predictive performanceaswell asmoreaccuratelyestimatethe
error of the prediction. This is primarily usefulin the casewhenthereis no single modelwith
high posteriomprobability Rafteryetal. (1997)give examplesof significantdecreasem prediction
errorsthroughthe useof modelaveraging.

Other relatedideasinclude bagging (Breiman, 1994) and bumping (Tibshirani and Knight,
1995). Both of theseusebootstrapsamplesof the original data. Bagging calculatesestimates
onthebootstrapsamplesandthenaveragegheseestimateso obtainthebaggedestimate Bumping
involves a minimizationfor eachbootstrapsample thenanotheminimizationover the estimates
from eachsample Both methodsareattemptgo improve predictionanderrorestimatiorin thecase

wherethereis no uniguedominantbestmodel.

1.5 Directionof the Restof the Thesis

In Chapter2, | will discusghe detailsof fitting a neuralnetwork underthe Bayesiamapproachin
particular | shav how to useasimplenoninformate prior. In Chapte3, | presensomeasymptotic
consisteng resultsfor neuralnetworks in the Bayesiancontet, with the modelsof Chapter2 as
aspecialcase.In Chapter4, | describethe problemof estimatingnormalizingconstantsyhich is
necessarfor Bayesiarmodelselectiorandmodelaveraging.Finallyin Chapte5, | will discusghe
implementatiorof modelselectionandmodelaveragingin the nonparametricegressiorproblem,

andgive severalexamplesof the methoddrom this thesis.



Chapter 2

Priors for Neural Networks

2.1 Intr oduction

One approachfor selectinga prior is to choosea prior that reflectsones beliefs. Sucha prior
would typically be a properprior that integratesto one. Anotherpossibleapproachwould be to
usea noninformatve (flat) prior that doesnot favor particularvaluesof the parametever other
values.For example onecoulduselebesguaneasurdor areal-\aluedparametepr onecoulduse
Jefreys’ prior (Jefreys, 1961;Bernardo,1979). Suchpriors aretypically “improper” in thatthey
do not have finite integrals. However, in mary problemsthe posteriorwill still be proper Thus
animproperprior is away to do Bayesiannferencewithout having to specifya properprior (in a
sensepneis specifyingthatones beliefsareequallyspreacbut over all possiblevalues).

The improper prior approachis usefulin the caseof neuralnetworks becausamary of the
parameterarevery difficult to interpret. The effect of the coeficientsof thelogistic basisfunctions
(6) canbe difficult to visualizebecausehe logistic functionsare nonlinearand can combinein
unexpectedways. The coeficientsinsidethelogistic function are evenlessinterpretable.Let me

startby explainingtheinterpretation®f the parametergor amodelwith only onehiddennode:

B
1+ exp(—y0 — 1i)

9 = Bo + (2.1)

Figure2.1 shaws thisfitted functionfor gy, = 1, 81 = 2, 79 = —6, and~y; = 10 overz in the

unitintenal. In the one-hiddemodecase the parametersireeasilyinterpreted.3, representshe

16
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Figure2.1: A One-Nodd-unction

overall locationof ¥, asortof intercept,in thatwhenthelogistic functionis closeto zero(whichit
is herefor valuesof x nearor belav zero),y = Gy. B1 is the overall scalefactorfor y, in thatthe
logistic functionrangesrom 0 to 1, so 3 is like therangeof y, whichis thiscaseis 3 — 1 = 2.
The v parametergontrolthe locationandscaleof thelogistic function. The centerof the logistic
functionoccursat—z—‘l’, whichin this caseis 0.6. Thelargerthevalueof v, thesteepetheincrease
in y asonemovesaway from thecenter If v, is positve, thenthelogisticrisesfrom left to right. If
~1 IS negative, thenthelogisticwill decreasasz increases.

This interpretationworksfine for a singlehiddennode. For well-separatediodes(in termsof
their centersandslopessothatfor ary particularvalueof z, atmostonenodeis nearits centerand
the restarefar enoughfrom their centershat a small changein z doesnhot producea noticeable
changedn thelogistic function),onecancontinueto usethis interpretation Two nodeswith centers
neareachother but with oppositesignson ~;, cancombineto producea peak,similarin spirit to
akernelor aradialbasisfunction. However, whenthe nodeseffectively overlap,whichis typically
thecasen arealproblem,the parametersannolongerbeinterpretedasabove.

For example,theleft plot of Figure2.2 resultsfrom maximumlik elihoodfitting of a two-node
network to themotorg/cle accidendataof Silverman(1985). Thez-axisis thetimein milliseconds

afterthe crash,andthe y-axisthe acceleratiorforce on the headof therider. Thetwo-nodemodel

doesa goodjob of capturingthe main featuresof the data,althoughperhapst oversmoothsfor
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Fit with 2 Hidden Nodes Individual Nodes

Acceleration

Figure2.2: Logistic BasisFunctions

small z values. Now keepin mind that this fit is achieved with only two-hiddennodes. It is
impossibleto useary of the above interpretationof the nodesfor this fit, becaus¢herearemore
pointsof inflectionin the fit thanthereare hiddennodes. The two individual nodesareshavn in
theright plot of the figure,andthey have very similar centersandslopes but combineto producea
highly non-linearfit. Looking atonly thedata,it is notatall clearthatthe particularbasisfunctions
of Figure2.2would work sowell. In this case ponewould notbelikely to have ary clearbeliefsto
specifyin aprior. Hencea noninformatve prior is a practicalalternatve.

In choosinganimproperprior, oneneedgo be carefulthatit doesproducea properposterior
In this chapter| will presentinadjustedmproperprior which turnsoutto beequialentto a data-
dependenprior. | will shav thatit guarantees properposterior and that this adjustedprior is

asymptoticallyequivalentto the originalimproperprior.

2.2 SomeProper Priors

Beforepresentingny choiceof animproperprior, | review several proposedproperpriors. There
arethreemain approacheén the literatureto choosinga prior, all of which involve hierarchical
priors. Theideaof a hierarchicaimodelis to put a prior on the weightsp(w|a) which depend®n

someotherparameter.. Onethenputsafurtherprior (hyperprior)on «, p(«|3), whereg couldbe
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eitheranotherunknavn parametewwith its own hyperprior or couldjust be a fixed parametethat
needdo be choseraspartof the prior selectionprocess.

All approachestartwith the samebasicmodelfor theresponsey:

1
1+ exp (—vjo — Yoh_y VinTin

k
v = Bot D B )+6z’, (2.2)
7j=1

e X N(0,0?). (2.3)

I will give abrief descriptiorof eachapproachere,andthenmoredetaileddescriptionswill follow
in the subsequergubsections.

Thefirst approachs to useanarbitraryprior of cornveniencewith alarge hierarchicaktructure
to try to let the datadetermineasmuchaspossible.Sincethe errorin the modelis assumedo be
Gaussianusinga Gaussiarprior over theweightsprovidessomeamountof conjugag (atleastfor
the outputweights)andhelpsto simplify thecomputationsMller andRios Insua(1998b)suggest
athree-stagdierarchicaimodelthatchooseshe parameterat thetop of the hierarchyto beof the
sameorder of magnitudeasthe tamget data. The hierarchicalstructureis fairly simple, although
mary parameteraremultivariate.

Neal(1996)suggests four-stagemodelwith arbitraryvaluesfor theparameteratthetop of the
hierarchy The structureof the hierarchyis rathercomple althoughall parameterareunivariate.

MacKay (1992)startsby trying to useanimproperprior in a simpletwo-stagemodel. To get
aroundtheimproprietyof the posterioy he useshedatato choosdixedvaluesfor thehyperparam-

eters.Thisis essentiallya data-dependemirior for aone-stagenodel.

2.2.1 The Mduller and Rios Insua Model

A directedagyclic graph(DAG) diagramof this model(Mller andRiosInsua,1998b)is:
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Mﬂ\ / | M\ / S7
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Yi
Thedistributionsfor parameterandhyperparameteare:

m
yi ~ N> B¥(x), 0|, i=1,...,N (2.4)

§=0
Yo~ NP(,uWaS’Y)a J=1...,m (2.6)
pg ~ N(ag, Ag) (2.7)
py ~ Nplay, Ay) (2.8)
2 —1(cs Cp
o ~ T (5,7> (2.9)
S, ~ Wish™!(cy,(c,Cy)7 1) (2.10)

S

2 . -l 5 0 _
o 53 (2.12)

Therearefixed hyperparametethatneedto be specified Mller andRios Insuaspecifymary
of themto be of the samescaleasthe data. As somefitting algorithmswork betterwhen (or
sometimenly when)the datahave beenre-scaledsothat|z;|, |y;| < 1 (cf. Ripley, 1993),0ne
choiceof startinghyperparametens: ag = 0, A3 =1, a, =0, A, =1,, cg =1, Cg =
1, cy=p+1, 07:][%11,, s=1,8= 4.

Thetwo importantdevicesthat Miller and Rios Insuauseto improve the rate of corvergence
of the chainin MCMC are blocking (using multivariate distributions) and mamginalization. The

multivariateaspechelpsto take into accounthecomple correlationstructurebetweertheweights
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within thenetwork, which canotherwisecausea chainto converge extremelyslowly. Thealgorithm

startsataninitial setof arbitraryvaluesandtheniterateshroughthefollowing steps:

1. Giventhe currentvaluesfor therestof the parametersieplace@ with a drav from a multi-
variatenormal. Conditionalon the otherparametersthis stepis equivalentto updatingthe

coeficientsin amultiple linearregression.

2. Giventhe currentvaluesfor the hyperparametersut maginalizing over 3, replacey; via
a Metropolisstep. A possiblecandidatedistribution would be N(v,,0.011,). Do this for

i=1,...,m.

3. Given the abore parametersupdatethe hyperparametergom their completeconditional

posteriordistributions. All of thesecanbe sampledirectly, without Metropolissteps.

| initially worked with this model, but | discoveredthatit wasmore complex thannecessary
Thelargernumberof parametermadeit difficult to evaluateBayesfactors.Themodell useinstead
isin Section2.3.

2.2.2 NealModel

Neal'sfour-stagemodel(1996)containamoreparameterthanthepreviousmodel. A DAG diagram

of themodelis
o

Oin,j O out,j

AL

Yi
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Eachof the original parameter$s and~y from Equation(2.2))is treatedasa univariatenormal
with meanzeroandits own standarddeviation. Thesestandarddeviationsarethe productof two
hyperparametergnefor the originatingnodeof thelink in the graph,andonefor the destination
node. For example,the weight for the first input to the first hiddennode,~;1, hasdistribution
N (0, 0in,104,1), Wwhereo;, 5 is thetermfor thelinks from the hth inputando; ; is thetermfor the
links into the jth hiddennode;theweightfrom thefirst hiddennodeto theoutput(i.e. theregression
coeficient), 81, hasdistribution N (0, o4yt,100), Whereo,,, ; is thetermfor thelinks from the jth
hiddennode,ando, is theterm for links to the outputnode(herel only discussthe modelfor a
univariateresponsethis modelextendsto a multivariateresponséy addingan additionaloutput
unit for eachdimensionof therespons@ndusinga collectionof o, 5, onefor eachoutputunit).

Forall of thenew o parameterandfor theoriginalo of theerrorterm,thereis aninverse-gamma
distribution. Thereis anothersetof hyperparameterthat mustbe specifiedfor theinverse-gamma
priorsontheses parameters.

Therearetwo technicalnoteson this modelthat shouldbe mentioned.First, Neal useshyper
bolic tangentactiation functionsratherthanlogistic functions. Theseareessentiallyequivalentin
termsof the neuralnetwork, themaindifferencebeingthattheirrangeis from —1 to 1 ratherthan0
to 1. Thesecondoteis thatNealalsodiscussessingt distributionsinsteadbf normaldistributions

for the parameters.

2.2.3 MacKay Model

MacKay (1992) startswith the idea of usingan improperprior, but knowving that the posterior

would beimproper he usesthe datato fix the hyperparameterat a singlevalue. Underhis model,
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thedistributionsfor parameterandhyperparameterare:

m 1 '
yi o~ N(E%ﬁjw(v;-xz-),y), i=1,...,N (2.12)
‘7:
1 .
B ~ N@O,—), j=0,...,m (2.13)
aq
1
vih o~ Np(O,a—), j=1,...,m h=1,ldots,p (2.14)
2
1
70 ~ Np(0,—), j=1,...,m (2.15)
Qg
ap o 1, k=1,2,3 (2.16)
v « 1. (2.17)

MacKayuseghedatato find the posteriomodefor the hyperparameteks andv andthenfixes
themat their modes. He thenfits the restof the modelusingMCMC andusesa local quadratic
approximatioratthe posteriormodeto do modelcomparison.

Each of the threemodelsl have just reviewed is fairly complicated. One hasto deal with
a hierarchyof parametersvherethe parametersre difficult to interpret,so thatit is difficult to

specifyaninformative prior. Ratherthanuseoneof thesemodels,| soughta simplermodel.

2.3 An Impr oper Prior

2.3.1 Specifyingthe Model
Themodelfor theresponse is

1
—7j0 = Yop—1 VinTin)

k
= : - 2.18
Yi ﬁo+§ﬁ]1+exp( + &, ( )
e 9 N(0,0?). (2.19)

Insteadof having to specifya properprior, we canusethe noninformatie improperprior

x(8,7,6%) = (2m) (2.20)



CHAPTERZ2. PRIORSFORNEURAL NETWORKS 24

whered is the dimensionof the model (numberof parameters).The coeficient of (27)~%2 is
choserfor reasongxplainedlater This prior is proportionalto the standardhoninformatve prior
for linearregression.

To ensurdhattheposteriolis proper we needo putcertainrestrictionsontheparameterduring
the MCMC fitting processThisideahasappearedh theliteraturefor mixturemodels(Dieboltand
Robert,1994;Wassermanl998a).Thekey is to ensurehatthelogistic basisfunctionsarelinearly
independentTo make this moreformal, define

P -1
1 + exp (—’yjo — nyjh'xih)] (221)

h=1

Zij =

andlet Z bethematrixwith elementgz;;). Thefitting of thevectorg is merelyamultipleregression
onthedesignmatrix Z. We needarestrictionon Z to ensurehelinearindependencef thecolumns
of Z. A suficient conditionfor linearindependences thatthe determinanof Z!Z is larger than
somepositve valueC,,. We canlet C,, — 0 asn — oo aslongasC, > 0 for all n. To ensure
proprietyof theposterioy we alsoneedto boundtheindividual y’s suchthat|y;,| < D,, for all j, h,

aswill beexplainedlater Thisturnsoutto beequvalentto a data-dependentrior.

It is computationallyusefulto alsoboundthe otherparametergnamely|3;| < D,,; o doesnot
needto be bounded) This canhelpwith numericalstabilityin the MCMC fitting. It is alsotheoret-
ically usefulin thatwe canshav thatthis prior satisfieghe conditionsfor asymptoticconsisteng
of the posteriorof Theorem3.3.1.For thistheoremwe requireD,, = o(exp(n")) for all > 0.

In mary casesusingthe coeficient of (2r)~%/? on Jefreys’ prior leadsto the BIC beinga
order O, (ﬁ) approximationto the log of the Bayesfactor insteadof the usual O,(1) order
approximation.In this case,] amnot usingJefreys’ prior, but the coeficient is still a convenient

andreasonablehoice.

2.3.2 Fitting the Model

We useMCMC to fit themodel. Thefull posterioris proportionalto thelikelihoodtimesthe prior:

2
n

k

1 1
F(Byy,0%y) o (27T)_d/2§(27f02)_n/2 exp | =5 52 | Vi — Bo — E Bjzij
=t 7= (2.22)
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Thecompleteconditionaldistributionsfor 5 ando? giventheotherparameterandthe dataare

2
n k
1 R .
o’lvy ~ Inv—x’ (nkla m; (w%jﬁ%ﬂyw) ) (2.23)
Bly,o%y ~ N((Z2'2)7'Z%, (Z2'Z)"'0?), (2.24)

whereg arethefitted coeficientsfrom alinearregressiorof y on Z. ThustheMCMC is asfollows:

1. Startwith arbitraryinitial valuesfor ~.

N

. ComputeZ.

3. Draw ¢? via Equation(2.23).

4. Draw 8 via Equation(2.24).

5. Foreachj from1,... , k, dothefollowing Metropolisstep:

(a) Generateacandidatey; ~ N (v;,0.05?).
(b) Re-computeZ with 4; andcompute| Z* Z|.

(c) If \th\ > Cp and|,,| < Dy, forall j, h, accepty; with probabilitymin(l, }cgngﬁ%)

otherwiseyejectthe candidateandkeepthe currentvalueof «;.
6. Repeasteps? though5 for therequirednumberof iterations.

The resultingdrawvs will be a samplefrom the joint posteriordistribution of the parametersAn
explanationof why the determinantestrictionkeepsthe posteriorfrom beingimproperfollows in

thenext section.

2.4 Theoretical Justification for the Prior Restrictions

2.4.1 Heuristic Explanation

To understanavhy therestrictiondorceproprietyontheposterioyfirstlook atasimplifiedscenario.

Considera univariatez of n obserations. Insteadof usinglogistic functions,supposehe basis
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functionsareindicatorfunctionsof theform

\I/J(.T) = I{wgaj} or \Ilj(a;) = I{m>aj} . (2.25)

Supposdor now thatwe arefitting only two hiddennodesandthatwe arenot fitting anintercept.

Thenz; = (z15,... ,2n5) = (1,...,1,0,...,0) or (0,...,0,1,... ,1). Let

ri = Y zy fori=1,2 (2.26)
i
Ty = ZZiIZQi- (2.27)
i
Thenthematrix of interestis
22 Zi1%4 T T
gtz Doz Y Zi%i2 _ 1o | (2.28)
Yzinzio Y25 Ti2 T2
Thedeterminanbdf this matrixis
t _ 2
|2'Z| = rirg — 1. (2.29)

Then|Z'Z| > 0 aslong asneitherr; = 0, r, = 0, norry = ry = ryp—thatis, if oneof the
indicatorfunctionshasno positive values or if thetwo indicatorfunctionsproducedenticaloutput
for thedataz. Thedeterminantvill be positive if eachindicatorfunction hasat leastonepositive
valueandif thereis atleastonedatapointwherethevaluesof thetwo indicatorfunctionsdiffer (i.e.,
thereis a datapoint z; thatis betweerthe thresholdsf the two indicators). Theseareexactly the
conditionsthatpreventlineardependencdf we choosea smallenoughC,, (for indicatorfunctions,
allweneedis0 < C,, < 1), thenthesameconditionsguaranteehat|ZtZ| > Ch.

Now supposeve addaninterceptto themodel. This addsa columnof 1'sto the Z matrix. The

determinantow becomes
T1 T12 1
2 2 2
‘ZtZ‘ =| re 79 7o |=TiTon 4+ 2riToT12 — T{T2 — T1T — T1oN. (2.30)
™ T2 n
This determinanwill be zeroif ary of thefollowing happen:r; = 0, r; = n, 11 = r9 = 719, OF

{r1 = n — ry andris = 0}. Essentiallywe needto ensurethatthethresholdgor theindicatorsare
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all separatedby datapoints,andthatno thresholdoccursoutsidethe rangeof the data. The same
logic appliesto larger dataseteandmorehiddennodes.

For indicatorfunction hiddennodes the requiremenbn the determinanglso preventsimpro-
prietyin the posterior Considetthe caseof trying to fit anindicatorfunctionwherethe parameteis
thethreshold.Supposenetriesto fit athresholdsmallerthanthe smallesdatapoint, z,,;,. Then
thedatado notprovide ary informationfor distinguishingoetweerputtingthethresholdat z,,;, —a
andz,,;, — b for ary positve numberse andb. Sincethis equivalencesethasinfinite massunder
the prior, the posterioris improper On the otherhand,whenfitting a thresholdnsidethe rangeof

thedata,thedataforceproprietyon the posterior

Theindicatorfunctionsrelateto logistic functionsin thatindicatorfunctionsarealimiting case

of logistic functions.Let

1
14 exp(—y0 — nx)

U(z) (2.31)

bealogisticfunction. If v,y; — oo suchthatz—fl’ — a for someconstant, then¥(z) — I1zs_q)-
We would then needthe determinantonditionto guarantedinear independenceHowever, this
is not the only conditionwe needto guaranteea properposterior The triangularregion where
Y0,Y1 — 00 suchthatz—‘l) — a hasinfinite area. Over this region, asthe parametergyet large,
the likelihood convergesto somenon-zeroconstant. Thusthe posteriorover this region aloneis
improper For this reasonwe alsoneedto boundtheindividual parameters.

Thelogistic functionsallow valuesbetweerzeroandone,sothattwo columnsof Z*Z couldbe
very similar, but notidentical.In regressiorthisis calledmulticollinearity It is acaseof nearlinear
dependencandcausesnstability in the parameteestimatesilt is generallydesirableto avoid this
casewhich we cando by requiringthe determinanto belargerthansomesmall positve numberc

ratherthanmerelyrequiringit to benon-zero.

2.4.2 Mathematical Details

In this subsectionwe provide a morerigorousjustificationfor the prior. First we needsomeno-

tation. Denotethe likelihoodby L,. Letw = 01—2 be animproperprior. Let the modified prior
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bem, = wlg, whereQ, is the setof parametewaluessuchthat|ZtZ\ > Chn, |Vjn] < Dp, and
|Bj| < D, forall j,h. Let C,, decreaseo 0 (for example,C,, = 1/n) andlet D,, increasewith n
(for example,D,, = 10,000+ n). Hereonecanclearlyseehow =, is adata-dependeirior, as(2,,
dependsiponz throughZ.

We needto shawv thatthe posteriotis proper Firstwe will re-writethelikelihoodsothatwe can

integrateout . Writing thelikelihoodin vectornotationgivesus

Ly = f(B,7,0ly) (2.32)
2
1 n k
= (2m0?) ™ ?exp [202 2 (]0 Bjz; yi> ] (2.33)
= (2n0?) ™2 exp [—2}7(%— Y)H(ZB — Y)] : (2.34)

Now completingthe square:

n 1
L, = (2r0?) "2 exp [—2—2 (7' zp-2Y'Z(Z'2)"(Z2'Z2)3+Y'Z(Z'Z) ' Z'Y +
a

+Y'Y -Y'Z(2'2)7'Z'Y)) (2.35)

= (2n0?) T \th|‘% exp {—;7 8- (Z'2) 2V (22) |8 - (2'2) ' 2'Y] } *
(2r0%) =5 |2 2] exp {—% [YtY _ WY] } (2.36)
= fBlo9)f(r,oly), (2.37)

whereY is thevectorof fitted values,Y = E[Y|X]. Notethat f(8|y, o,v) is a properdensity
aslong as \ZtZ\ > 0, whichis true over 2,,. Denoteby I';, the subspacef 2, thatrelatesto
all of the~ parametersandlet T,, be the subspacef Q,, thatrelatesto all of the 8 parameters.
(Recallthatthis boundon the g parameterss for computationatorvenienceandis necessaryor
theconsisteng of the posteriorasshavn in Theoren3.3.1,but is notnecessarfor proprietyof the

posterior)
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We now shaw thatthe posterioris proper:

1w = [ 6enitnoh) | n | dsdoay (2:38)
= et [ [ o] S0 (2.39)
< et [ [[[ o] Sionamen (2.40)
= o0t [ [ Lr6olody 2.41)

< (2m)7: / / %(2m?)—”’(§“) 1242|* dody (2.43)
ag
_ (2%)_7n_(k;1)+d(n—k+1)_1/ 12427 dy (2.44)

Thelastintegral s finite becaus&,, is aboundedsetandtheintegrandis finite. Thusthe posterior
is proper

In additionto shawving thatthe adjustedprior leadsto a properposteriory it is alsoimportantto
shaw thatthetheadjustedrior is asymptoticallyequivalentto theoriginalimproperprior. We shav
thisin botha globalandlocal sense.

First,it is clearthat,for ary compactetx,
/ |, — 7| = / |rlq, — 7| — 0asn — 0 (2.45)
K K

becaus¢hetruefunctionmusthave anon-zeradeterminanfor elseit would have onefewer node),
andbecausdor a large enoughn, 2, will containall elementsof x that satisfy the determinant
condition. This equationsaysthat, in thelimit asthe samplesizegrows, 7, corvergesto 7 on all
compactsets. In this sensethe two priors are “asymptoticallyglobally equivalent” (Wasserman,
1998a).

Next we shaw a conditionof “asymptoticlocal equivalence”. It alsorelatesto correctsecond-
orderfrequentisttoveragepropertieWassermarl998a).It essentiallystateghattheoriginaland

adjustedoriors have the samelocal propertieqbut the adjustedorior is betterbehaedin thetails).
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Supposd, is thetruevalueof the parameterghenfor largen,

Ologm, Odlogw

06 06y

becauséf n is largeenoughfy will be containedn €2,,.

=0, (%) =0 (2.46)

2.5 Extensionsof the model

In this section,| explain how to extendthe abose modelfor a continuousmultivariateresponse
variable aswell asfor aunivariateresponse&ariablewhichis eithercategoricalor ordinal. A binary
responsevariablecanbe thoughtof asa specialcaseof eitherof thesetwo, wherethe numberof

cateyoriesis two.

2.5.1 Multi variate ResponseVvariable

To extendthe abore modelto a multivariatey, we simply treateachdimensionof y asa separate
output,and add a setof connectionfrom eachhiddennodeto eachof the dimensionsof y. In
thisimplementationywe assumehattheerrorvariances the samefor all dimensionsalthoughthis
would be easilygeneralizedo separateariancesor eachcomponentDenotethe vectorof theith

obserationasy;, sothatthelth componen{dimension)f y; is denotedy;;. Themaodelis now

k
1
v = Pu+ ) B + €l (2.47)
Z ]2::1 1+ exp (—vjo — Xhoy inwin)
en X N(0,0?). (2.48)

Whenfitting the model,we replacethe singledraw of the 3 vectorin step4 of the algorithmwith
aloop which drawvs avectorof 3s, usingEquation(2.24),for eachdimensionof . Conditionalon
thevaluesof they parameterghe vectorsof § areindependentandsocanbe sampledseparately

in the MCMC process.

2.5.2 Categorical Responsevariable (Classification)

The multivariatemodelcanbe easily extendedto the problemof classificationthatis, whenone

hasarespons&ariablewhichis cateyoricalratherthannumeric.In thisimplementation| only deal
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with a univariatecateyorical response.The trick is to usean alternateexpressionof the response
variable,whereinsteadof just letting the responsevariablebe the category numbey we let it be a
vectorof indicatorvariableswhereeachcomponentorrespond$o oneof the possiblecateyories.
Thusif we aretrying to classifyanobserationinto oneof g catejories,we canthink of theresponse
asbeingavectorof lengthg with a onein the positioncorrespondingdo its true catgory andzeroes
in all of the otherpositions.

First, somenotation: let z; be the vector of explanatoryvariablesfor casei. Let ¢; bethe
responsevariablefor casei, wherethe valueof ¢; is the cateyory numberto which casei belongs,
t; € {1,... ,q}. Lett; beavectorin the alternaterepresentatiomf the responsea vector of
indicator variables),wherethe thy, =1 wheng = t; andzerootherwise. Now let y;, be latent
variablescorrespondindo the t7, wherethe y;, arethe resultsof fitting the multivariate neural
network modelonthex;.

Someneuralnetwork classificatiormodelsattemptto modelthe probabilitythatthe obseration

fallsinto a particularcateyory. In thatcase pnecouldhave themodel

— o) = _XPWigo)
P(t; = go'?/z) = Zg exp(gyig) . (2.49)

This is thecommonmodelin the computersciencditerature. However, this modelhasanentirely

differenterror structurethanthe modelsof this thesis.Instead] retainthe Gaussiarerror structure

onthey; anddeterministicallyset

t = ; 2.50
P 96?11?-)-(#} Yo ( :

i.e., thefitted responses the cateyory with the largesty;,. This allows me to apply the resultsof
thisthesisto this problemdirectly.

To fit this modelwith MCMC, we sampley; from a normaltruncatedsuchthaty;;, > v;, for
g # t;. We alsosety;, = 0 for all 4, in orderto ensurethe modelis well-specified(otherwisethe
locationof all of they;,’s couldbeshiftedby a constantvithoutchanginghemodel. Thealgorithm

now becomes:

1. Startwith arbitraryinitial valuesfor ~.

2. ComputeZ.
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3. Draw ¢? via Equation(2.23).
4. Foreachg € {1,... ,q}, draw g, via Equation(2.24).
5. Foreachj € {1,... ,k}, dothefollowing Metropolisstep:

(a) Generateacandidatey; ~ N (v;,0.05?).
(b) Re-computeZ with 4; andcompute| Z' Z|.

(c) If ‘th\ > Cp and|,,| < Dy, forall j, h, accepty; with probabilitymin(l, ﬁgzizz%)

otherwiserejectthe candidateandkeepthe currentvalueof ;.

6. Foreach: andfor eachg € {1,... , ¢}, draw y;, from anormaltruncatedsuchthaty;;, > v,

for g' # t;.

7. Repeasteps?2 though6 for therequirednumberof iterations.

2.5.3 Ordinal Responsé/ariable

Sometime®newill wantto relatean ordinalvariableto a setof covariates.Examplesof suchan
ordinal variableincluderankings,datawhich were originally continuousbut have beencollapsed
into bins,andratingsfrom a suney wherethe choicesare“excellent”, “good”, “fair”, and“poor”.
In all of thesecasesthereis aclearorderingof thevaluesof theresponseariable but it is notclear
thevaluesshouldbe mappedo integers.By treatingthe variableasordinal,we do notimposeary
sortof distancametricbetweerlevelsof thevariable.

To usethe neuralnetwork modelin this chapterfor regressioron anordinalvariable we needa
few moreparametersAs in the classificatiorsetting,let ¢ be the numberof levels of theresponse
variable(the numberof bins). Let z; be the vectorof explanatoryvariablesfor casei. Let t; be
the responsevariablefor casei, wherethe value of ¢; is the bin numberof which casei belongs,
t; € {1,... ,q}. Now lety; belatentvariablescorrespondingo thet;, wherethey; aretheresults
of fitting theneuralnetwork modelof thischapteonthez;. We alsoneedparameterfor thecut-of
valuesfor y, whichwecall ci, ... ,cq—1. If ch—1 < y; < cp, thenwe saythatz; belongsto bin A,

i.e.,thefitted valueis #; = h. For example,if ¢; < y; < ¢s, thentheith obserationis assignedo
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bin 2. | usea prior for thec’'swhichis flat, exceptthatit is zerowhenc;, > ¢, ; for ary positve j
(i.e.,thec’'smustbein increasingrder).

To fit thismodelwith MCMC, we sampley; from anormaltruncatedo theintenal [cj,—1, c3],
wheret; = h. Wefix ¢; = 0 sothatthemodelis well specified We usea Metropolisstepto sample
eachof cy, ... , c4—1, althoughtheacceptancgrobabilitywill beoneunlessac movesbeyonday;,
in which caseit will bezero.

Thealgorithmnow becomes:

1. Startwith arbitraryinitial valuesfor «, letc;, = h — 1, anddraw y; randomlyfrom a uniform

[¢h—1,cn] (Wherecy = —1 andc, = ¢ — 1).
2. ComputeZ.
3. Draw ¢? via Equation(2.23).
4. Draw g via Equation(2.24).
5. Foreachj from1,... , k, dothefollowing Metropolisstep:

(a) Generatecandidatey; ~ N(v;,0.05%).

(b) Re-computeZ with 4; andcompute| Z' Z|.

(c) If \th\ > Cy and|vy;| < D, forall j, h, accepty; with probabilitymin(l, %)

otherwiserejectthe candidateandkeepthe currentvalueof ;.
6. Draw y; from anormaltruncatedo [c,_1, cp], for eachi.

7. Draw acandidate;, from auniformon[c, — .1, ¢, + .1] andaccepif noy; changedins. Do

forhe{2,...,g—1}.

8. Repeasteps?2 though? for therequirednumberof iterations.
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2.6 Examples

2.6.1 MotorcycleAccident Data

Themotorg/cle accidenidataof Silverman(1985)providesa nice exampleof the smoothingabili-
tiesof a neuralnetwork nonparametricegression.Figure 2.3 shavs the averageof thefitted func-
tions for 10,000runs (after allowing 10,000runs for burn-in). The dark line is the meanfitted
function,andthedashedinesarebandsof 95% posteriorpredictive probability (for thefitted value
of y ataparticularvalueof z). Fourhiddennodeswereused.Thez-axisis thetimein milliseconds
afterthe crash,andthe y-axisthe acceleratiorforce on the headof therider. The neuralnetwork

fitted functiondoesa goodjob of smoothinghe data,evenwith only four hiddennodes.

2.6.2 lIris Data

As anexampleof a classificatiomproblem,| presentin analysisof the canonicalris dataof Fisher
(1936).1 usedonly thesubsetf thedatawhichis suppliedasabuilt-in datasein S-Plus.Thedataset
consistof 1500bserations,50 from eachof threedifferentspeciesf iris: SetosaVersicolor and
Virginica. For eachobsenration therearefour explanatoryvariables:sepallengthandwidth, and
petallengthandwidth, all measuredn centimetersThe goalis to usethesefour measurement®
classifythe flowers. Figure 2.4 shavs both the true andfitted values. In the top row arethe true
classificationgyiven by sepalmeasurementgon the left) and petal measurement&n the right).
Usingall four variablesand 3 hiddennodes the resultsof classificatiorfrom a neuralnetwork are
shavn in thebottomrow, with thefitted catayoriesplottedby sepaimeasurementntheleft andby
petalmeasurementsn theright. Therewerefour misclassifieccasesall of which wereVersicolor
(denotediy +) whichweremistalenly classifiedasVirginica(denotedyy x). Thesefour casesare
markedwith asquarearoundthe x. Noticethatthesegfour case®ccurin regionsof overlapbetween
the two speciesn both setsof measurementsothey aredifficult casedo classifycorrectlyfrom

this dataalone.The neuralnetwork modelhasdonea goodjob of classification.
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Figure2.3: Fitted Functionfor Motorcycle AccidentData

2.6.3 SocialAttitudes Data

Most datasetsvith ordinal responsevariablestendto have relatively few continuousexplanatory
variablesandinsteadhase mostly binary ordinal, and cateyorical explanatoryvariables. Neural
networks are designedfor continuousexplanatoryvariables,and may only operateto their full

potentialin that case. While they canhandleindicator variablesasinputs, thereis no gainto a
nonlineartransformatiorof anindicatorvariable,sotherethe neuralnetwork modelmay notwork
ary betterthanmuchsimplermodels. Thuswe shouldnotexpectbeautifulfits from aneuralnetwork

modelif we give it mostlynon-continuougxplanatoryvariables.
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Fitted Categyory
1 2 3 4 5
1(29 2 23 5 7
True Cateyory g s j ;g j 3
41 4 3 12 4 10
5/ 5 3 18 10 51

Table2.1: SocialAttitudesData

For an exampleof an ordinal responsevariable, | fit the British Social Attitudes Suney data
(Witherspoon,1983). This datacomesfrom a suney of householdsn Britain in 1983 of adults
18 or over living in private households.Therewas a seriesof yes/hoquestionsaskingwhether
the respondensupportedr opposeda womans right to have an abortionunderdifferentcircum-
stancesTherespondentgierethengroupsinto five orderedcateyoriesbasedon how mary of the
guestionghey answeredyes” to, with groupl answering'yes” to the fewestquestionsandgroup
5 answering‘yes” to the mostquestions.The explanatoryvariablesare political party affiliation
(categorical), self-assessesocial class(ordinal), gender(binary), age (continuous),and religion
(cateyorical).

Table2.1 shaws the resultsof fitting a network with 9 hiddennodesto the data. As all of the
explanatoryvariablesbesidesagearenot continuousthereis a high errorratefor thefitted model.
However, it is interestingto note that the model correctlyfits mostof the respondentin groups
1, 3, and 5, while incorrectly classifyingmost of the peoplein groups2 and4 into group 3. It
appearghat peoplewho have moreextremeviews (thosein groupsl and5, i.e., peoplestrongly
opposedheright to have anabortionor stronglyin favor of it) areeasietto classifythanthosewith
moreintermediateviews. Thosepeoplewho supportthe right to an abortionin some,but not all,
circumstancesaredifficult to distinguishby degreeto which supportthis right. It appearghatthe
modelthinksthatthe datashouldreally be classifiedinto only threegroups thosewho areclearly
opposedo theright to anabortionin nearlyall circumstanceghosewho favor therightin nearly
all circumstancesndthosewho favor theright in somecircumstancebut notin others.If thedata

werere-classifiedhis way, themodelwouldfit quitewell.
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2.7 Discussion

In this chapter | have shavn how to useanimproperprior to do Bayesianinferencefor neural
networks. Thisis usefulbecausehe parameterin a neuralnetwork arecomple, soit is difficult
to specifya properprior thatincorporateknowledgein a usefulway. The standardnethodsof
usinghierarchicaimodelsproducea morecomplicatednodelthatis moredifficult to fit. The prior
thatl have proposeds muchsimplerto work with andallows the useof a modelwith mary fewer
parameterghanahierarchicaimodel. This makesthe MCMC processasierandfaster

Using restrictionsduring the Metropolis stepsof the fitting processis equivalentto the use
of a data-dependergrior. This adjustedprior producesa properposterioy andis asymptotically
eguialentto the originalimproperprior in bothaglobalandalocal sense.

The modelworkswell in practice,andhasmary usefulextensions.It canbe adaptedor use

with multivariateresponsesswell asbinary cateyorical,andordinalresponseariables.



Chapter 3

Asymptotic Consistency

3.1 Intr oduction

This chaptediscussethelarge samplepropertieof neuralnetwork regressiorin the Bayesiarset-
ting. In this chapteme build upontheresultsof Funahash{1989),Hornik etal. (1989),andothers.
Theseauthorshave shawn thatneuralnetworks canapproximatea functionwith arbitraryaccurag.
However, they all usefrequentistmethods.Herewe will shaw thatthe posterioris consistenfor
neuralnetworksin the Bayesiarsetting.We shaw this consisteng in two differentparadigmskFirst,
we take the sieve approachwherethe numberof hiddennodesgrows with the samplesizesothat,
asymptoticallywe useanarbitrarily large numberof hiddennodes.Secondyve treatthe numberof
hiddennodesasaparameteandshaw thatthejoint posterioiis alsoconsistentThus,we extendthe

theoreticajustificationof neuralnetworks asuniversalapproximators$o the Bayesiampproach.

3.2 Consistency

Givendata(X1, Y1), ..., (Xn, Ysn) whereX; maybemultivariate let f,(z) betheunderlyingden-
sity of X. Let E[Y|X = z] = g,(x) bethetrueregressiorfunctionof Y on X, andlet g, (z) be

theestimatedegressiorfunction.

39
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Definition 1 g, is asymptoticallyconsistentor g, if

/ (6 () — 90(2))? folw)dz 5 0. (3.1)

Anotherapproachto consisteng is to take it to meanthat the posteriorprobability of every
neighborhooaf thetruefunctiontendsto oneasthe samplesizegrows large. Doob (1949)shaved
that Bayesianmethodsare consistentlmostsurelywith respecto the prior. However a prior that
putsno massnearthetruefunctionwill give no posteriormassnearthetruefunction. For example,
supposehatX ~ N(6,1). If theprior is apointmassatary point, thenthe posteriowill alsobea
pointmassatthe samepoint, whichwill bethecorrectanswemith probability 1 with respecto the
prior. However, thetrueanswercouldbeary point, or ary otherdistribution for 6, sothis prior will
give anincorrectposterioranswer The problemis thatall otherpossibilitieshave probability zero
underthis particularprior. In generalonewantsto avoid this possibleproblemandensurehatthe
choiceof prior andestimatowill be consistenbver alarge classof distributions.

In whatfollows, we will considetthe consisteng of densityfunctions,andwill latershav that
thistranslatesnto theabove definitionof consisteng onthe associatedegressiorfunctions.Some
of theideashereandin the proof of Theorem3.3.1(in the next section)canbe foundin Barronet
al. (1998)andWassermaii1998b).

Onepossiblechoiceof neighborhood$or densityfunctionsis the setof weakneighborhoods.
Let f,(z,y) by thetrue underlyingjoint densityfunctionfor z andy, andlet f,(z,y) betheesti-
mateddensityfunction. Let Dy beary distancehatinducegheweaktopologyi.e. Dy (fn, fo) —
0 if andonlyif [ g(z)fn(z)dz — [ g(z)fo(z)dz for every boundedcontinuougunctiong. Then
defineasizee weakneighborhooaf f, tobe{f|Dw (f, f,) < €}. It hasbeenshavn (Diaconisand
Freedman1986)that having a prior which putspositive masson weakneighborhoodsf f, does
not guarante¢hatthe posteriomassof every weakneighborhooaf f, will tendto 1.

Insteadof weak neighborhoodswe useHellinger neighborhoodsvhen dealingwith density
functions. This topologyis equivalentto thatusing L; neighborhoodsThe Hellinger distanceis
definedas

Du(f,f) = \/ [ (Vi@ - Videw) dody (32)
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Definition 2 SupposéX;,Y;) ~ f,. Theposterioris asymptoticallyconsistentor f, overHellinger

neighborhood#
foreverye>0, P({faDH(fafo) SE}KXI’YI)’ ,(Xnayn)) i:’)l (33)

In thenext section, Theorem3.3.1will shav thatthedensitiesassociateavith neuralnetworks are

asymptoticallyconsistentver Hellingerneighborhoodsindercertainconditions.

3.3 Asymptotic Consistencyfor Neural Networks

3.3.1 Sieve Asymptotics

A neuralnetwork is simply alinearcombinatiorof non-linearfunctionsof thecovariates A popular
choiceof thisnon-linearfunction,alsocalledanactiationfunction,is thelogisticfunction, ¥ (z) =
ﬁp(_z). The network containsp inputs (explanatoryvariables)and £ hiddennodes. At each
hiddennode,a weightedcombinationof the inputs(input weightsy;;,) is usedasthe agumentfor
thelogistic function. Finally a weightedsumof the outputsof thelogisticsis computedwith output

weightsg;. Theresultingregressiorfunctionis

1
— > VinTin)

EY;|X; = ) ﬁo+2ﬁjl papeeny (3.4)
J

Herewe will shav theasymptoticconsisteng of the posteriorfor neuralnetworks. We do this
by estimatingthejoint densityfunction f (z, y), andrelatingit backto the conditionalexpectation.
We take X to be uniformly distributedin [0, 1]? (sincethe explanatoryvariablesare thoughtof
asfixed, we canuseary corvenientdistritution). Conditionalon X, Y is normally distributed
with meandeterminedoy the neuralnetwork. We shallfix its standarddeviation to be 1 for this

calculation.Thus

Y|IX=2z~N (ﬁo + Z . 51' ST 1) . (3.5)

1 +exp( Yjo

Thenumberof inputvariablesp, will alwaysbetakenasfixed. Thenumberof hiddennodes, will

generallybeallowedto grow with the samplesize.Now a bit of notationneeddo beintroduced.
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Let f,(z,y) bethetruedensity Defineafamily of neighborhoods
Ac ={f; Du(f, fo) <¢€} with Dy (f, f,) asdefinedin Equation(3.2). (3.6)

Let thenumberof hiddennodesgrow suchthatk,, < n“ forary 0<a<1. Let F, bethesetof all
neuralnetworks with eachparametetessthanC;, in absolutevalue,or equivalently the subseof

the parametespace:

whereC,, grows with n suchthatC,, < exp(n®~¢) for ary constan® suchthat0 < a < b < 1 with

thea from the boundfor &,,. Forary v > 0, let

fo(xay):| }
= f1E [log 222220 | < 4L 3.8
{f [ Sy | =7 58
Denotetheprior for f by 7, (-) andtheposterioby P(-|X™). Denotethe predictive densityby

= [ seaprixn. (3.9)

The predictive densityis the Bayesestimateof f. Thekey resultis thefollowing theorem.

Theorem 3.3.1 Suppose¢hat: (i) there existsanr > 0 andan N; sud thatm, (F<) < exp(—nr),
Vn > Ny, (i) for all ,r > 0, there existsan N, sud that 7, (K,,) > exp(—nr), Vn > No. Then

Ve > 0, the posterioris asymptoticallyconsistentor f, over Hellinger neighborhoods,e.
P (A(X1,Y1), ..., (Xn, Yn)) D 1. (3.10)

Corollary 3.3.1 Let g,(z) = Ej,[Y|X = x| bethe true regressionfunction, and let g,(z) =
Efn [Y|X = z] betheregressionfunctionfromthe predictivedensityusinga neurl network.Then

underthe conditionsof Theoem3.3.1,g,, is asymptoticallyconsistenfor g,, i.e.

/ (4n(z) — go(2))?dz 5 0. (3.11)

The proof of this theoremrequiresa numberof steps.Thebasicideais to considerthe proba-

bility of thecomplementsaratio of integrals.Let R,,(f) = e J@iti) Thep

H?Ll fc(wivyi)
cll; f ~Tzayz)d7rn(f) c dﬂ'n f)
P (A§|(X17Y1)a oo (K V) = f.?H fllf (x4, ys)dmn (f f?R Ydmn (f) ’

(3.12)
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Onecanshav thatthe numeratoiis smallrelative to thedenominatari.e.,
P
P (A (X1, Y1),...,(Xn,Ye)) — 0.
Onesteptowardboundingthe numeratotinvolvesbracleting entropy.

Definition 3 For any two functions! and u, definethe braclet [/, u] asthe setof all functionsf
sud that! < f < u. Let|| - || bea metric. Definean e-braclet as a bracket with ||u — || < e.
Definea covering of a setof functionsF* as a setof bradkets {[l1, u1],. .. , [lm,um]} Sud that
for eath f* € F*, f* € [l;,u;] for somej € {1,... ,m}. Definethe bracleting numberof a set
of functionsF* asthe minimumnumberof e-bradkets neededn a covering of 7* , and denoteit
by Npj(e, F*, || - |]). Finally, the bracleting entrogy, denotedH(; (), is the natural logarithmof the
bradketingnumber(Pollard, 1991)

To find the bracleting entrofy for a neuralnetwork, onecancomputethe coveringnumberanduse
it asan upperbound. For now, considerthe numberof hiddennodes,k, to be fixed. Restrictthe
parametespaceo F,, (eachparameteis boundedy C,, in absolutevalue). ThenF,, C R¢ where
d = (p+2)k+ 1. Denoteby N (e, Fp, || - ||) thecoveringnumberi.e., theminimalnumberof balls
of radiuse thatarerequiredto cover the setF,, underthe specifiedmetric. Using L., asa metric,

to cover F,, with ballsof radiuse requiresno morethan (%)d suchballs:

d d
N(e, Fn, L) < (22(’;”+1) :(C":E) (3.13)
d
(C”:l) . (3.14)

We now applyatheoremfrom vanderVaartandWellner (1996)(Theorem?2.7.4,pagel64)to

boundthebracletingnumber

Theorem3.3.2 Lets, ¢t € F,, i.e., s andt are realizationsof the parametervector Let f;(z,y) €

F* beafunctionof x andy with parametervectorequalto ¢. Supposehat
for somemetricd*, somefixedfunctionF, everys, t, andevery (z, y). Thenfor anynorm|]| - ||,

Nyj(2€|[Fl[, F*, [ - 1) < N(e, Fn, d7). (3.16)
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Sincewe areinterestedn computingthe Hellingerbracleting entrogy for neuralnetworks, we
needto usethe Ly, normon the squarerootsof the densityfunctions,f. The L, coveringnumber

wascomputedabore, sohered* = L,. Theversionof thetheoremwe areinterestedn is:

If |/ filz,y) — /fs(z,y)| < d*(s,t)F(z,y) for someF, (3.17)
then N[](2e||F||2,.7-"*, [|-ll2) < N(e, Fp,d). (3.18)

To shaw thatthe conditionholdstrue,applythe Fundamentarheorenof Integral Calculus.For

particularvectorss andt, let g(u \/f 1—u)s+ut) (Z,Y). Letw; = (1 —u)s; + ut; anddenotethe
spaceof w; by ;. Then,
1 dg
Vi@ y) = Vis@y) = [ o-du (3.19)
dg 8wZ
= 3.20
/ ZBwZ ou du ( )
_ / Z 99 (1, — s;) du (3.21)
0 = Ow;
=1

= 3.22
8wz (3.22)
< Zsup\t — 4 sup 99 du (3.23)

0 wie | 0w

dg /1
= suplti—s su du 3.24
p| z|;w¢€8 Ow; ( )
< sup|t;—s sup | su 3.25
< suplh z|z 1p LZEBZ &uz] (3.25)
= dsuplt; — s;| sup [sup J ] (3.26)

i i lwieq; | Ow;
= ||t = sllocF (2, ), (3.27)

whereF'(z,y) = dsup; [supwieﬂl ‘ (;’i‘ Here - is the partial derivative of V/f with respecto

thesth parameterRecallthat f (z,y) = f(y|z) f(=z )wheref( ) = 1sinceX ~ U[0, 1] andf (y|z)
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is normalwith meandeterminedy the neuralnetwork andvariancel. Thuswe have

k

Flz,y) = (@n) Yexp [i (yﬁoz b )) ] ,

= 1+ exp (—vjo — Yoh_, VinTh

NG 1 i B;
= 35 - /60 - V z,Y),
8,60 2 (y ]z_; 1 + exp (—’)/j() — Zﬁ:l ’yjha:h) f( y)
N 1 i B
= 35 y_ﬁo - f z,y
0B 2 1+exp (—Yeo— Y h—i YehTh) ( ; 1+exp (—Vjo— Y he1 VjhZh) (@9)
1 oNF
= > c=1,... ,k,
1+ exp (_'Yco - Zh:l ')’chxh) 9B
T < T c=1,... ,k,
B 9B
8\/7 — B exp (_7co - Zﬁzl 'Ychl'h) 8\/7 -1 k
8760 (1 + exp [_'Yco - Z£:1 ’Ychxh] )2 9B,
f ovf B
‘8%0 < C"aﬁo c=1,... ,k,
8\/7 _ Zqfc €Xp (_700 - 22:1 7ch$h) 8\/7 1 Eod=1 P
3%(1 (1 + exp [_'Yco - Zﬁ:l 76h-7:h] )2 aﬂo
i ovf B B
‘a%d < wanaﬂo c=1,... ,k,d=1,...,p.

Now notice that % (z exp (—%)) = (1 - %) exp (—%) So [z exp (—%)] has a mini-
mum of —v/2e~1/2 at —v/2 anda maximumof /2 e~1/2 at ++/2. Thus‘%—‘g‘ < (8me2) %,

‘g% < C, (8me?) ", and‘%‘ < 24C, (87¢?) ™", Recallingthat X ~ U[0,1], it is

apparenthat ‘%‘ < C, (8me?) ™", Thus‘%‘ < C, (8we?)™"/* for all i which givesus
F(z,y) = dC,y (87r62)_1/4 for Equationg3.16)and(3.27). For furthermathematicatonvenience,
wewill useF (z,y) = 4% > dC,, (8me?) *,

Now apply Theorem3.3.2with F' = % andL, for anormonthesquarerootsof thedensities

(i.e. Hellingerdistance}o getthat

N@llFll, 7|l ll) < N(e,Fa,d”)  andhence (3.28)

d 12\ @
Ny Fo |l 1) < <w> <<M> whereC: = C,+1. (3.29)

€ - €
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For notationalcorveniencethe starwill bedroppedn future calculations Having establishedhis
boundfor afixedk, we cannow let k,, grow suchthatk, < n® for ary constant <a < 1. Denote

by Hpj() = log Njj() theHellingerbracleting entroyy.

dn
Lemma 3.3.1 Supposei[(u) < log [(%) ] d, = (p+ 2k, +1, k, <n*andC, <

exp(n®~¢) for 0 < a < b < 1. Thenfor anyfixedconstants:, e > 0, andfor all suficientlylarge
€
n,/o v/ Hj(w) < cy/ne’.

Proof.

€ € V Cc2d dn
/ Hp(w) du < / log ( 7; n) du by Equation(3.29) (3.30)
0 0
€ 2
= \/dn/ log C"d" du (3.31)

2log
= \/ / —CQd v2e ™ Pdy withv = 1/21og Zidn (3.32)
= Cd ,/—”/ 2¢70°/2g integrateby part 3.33
C,dn, 5 \/@06 v NOw integrateby parts ( )

= C2d, dn eV 27

‘ 0
Cc2d +/ 2
2 I 2log “Ln /210g Cndn

d, [ ¢ [ C2d )
= C%dpy /2 | =——1/2log e~V 2qy| (3.35
n+n 2 C%dn /721g /— ( )

¢(\/ > by Mill
d | _c€ \/21og Cath | /3w yRatliosissfs)

e—”2/2du] (3.34)

< Ci

n 2 | C2d, 2log c,%edn

d 02d 1 €

2 n

= 3.37
Cuin\[ 5 c2d < Cida V2 O ] (339
= ,/ " [21og Cadn 210g T (3.38)
2log -
2

< ey/dpy/log % 1+1] (3.39)

= 2ev/dp+\/log C2 + logd, — loge. (3.40)
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Now substitutén  d,, < (p+2)n®+1, C, < exp(n®~®) to getthat

/'6’ [Hpy(u) du < 26/ (p+2)na+1\/2nb*a + log((p+2)n*+1)—loge. (3.41)
0

Sincel < a < b < 1, thereexistsa~y suchthata < v < bandb — a < 1 — . Thisfollows from

thefactthatsincel < a < b < 1, theremustexistad > 0 suchthatae + ¢ < bandb+ § < 1. Now
lety =a+ dtoseethatb—a=b+d—(a+d) <1—(a+d)=1—1.

Hence,%/oe,/HH(u) du < (3.42)

2eVn=7y/(p + 2)na + 1V n-(1-7) \/2nb_“ + log((p + 2)n®* + 1) —loge = (3.43)

26\/(p-|—2)n_(7_“) +n—7 \/Qn—((l—"r)—(b—a)) +n~1=N1og((p+2)n*+1)—n—1=7 log € (3.44)

—0 asn — oo. (3.45)
1 €
ici — | JH < cé’. :
Thusfor ¢, e > 0 andsuficiently largen, NG /0 ((u) du < ce (3.46)

Andso/6 Hiy(u) du < ev/né?. [ |
,V [(w)

WongandShen(1995)shavedthefollowing result:

Theorem3.3.3 LetR,(f) =[]~ J@ii) Theg existey, ¢, c3, ¢4 > 0 sud thatfor anye > 0,

i=1 fo(ziyi)
V2e
if / " \ Hj(u/es) du < csv/ne?, (3.47)
then P* ( sup R,(f)> exp(—clne2)) < 4exp(—cone?). (3.48)
fEASNTF,

Corollary 3.3.2 Under the conditionsof Theoem3.3.3, sup R,(f) < 4exp(—cone®) a.s.
fEACNF,
for suficientlylarge n.

€

Proof. FromLemma3.3.1we have that Hi(u) du g/ Hi(u)du <e¢ \/7362.
s V@) oV (w) 4

Absorbthe constantcz into the constantC,, of Lemma3.3.1and substitutey/2¢ for e to getthat
V2
/2/28 \/ Hy(u/cs) du < 2¢4+/ne?. Absorbingthe2 into ¢4 givestheconditionsfor Theoren®.3.3,

€

feEASNF,
Borel-CantelliLemma. [ |

which impliesthat P* ( sup  Rn(f) > eXp(—cln62)> < 4exp(—cyne®). Now apply thefirst
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We cannow boundthe numeratoiof Equation(3.12).

Lemma3.3.2 LetR,(f) = [[i-, % betheratio of likelihoodsunderneusal networkf and
thetrue neual networkf,. LetF,, beasin Equation(3.7). Supposelahat/6 \/ Hjy(u) du < cv/ne?
for all € > 0. If there existsa constantr > 0 sud that F,, satisfiearn(fﬁo) < exp(—nr)Vn > N,
thenthere existsa constanic; sud that ng Ry (f)dmn(f) < exp(—") + exp(—nca€?) excepton

a setof probability tendingto zeo.

Proof. Decomposégheintegral into two parts:

Rifim() = [ RaDim(n+ [ RaDam(n)  (@49)

Ac ASnF,
< [ RDdm+ [ Rulf)dm(h). (3:50)
Fe ASNFn
The secondntegral is boundedasfollows:
/ Ru(f)dma(f) < sup Ru(f)ma(A°NF) (3.51)
AenF, ASNFp
< sup Ry(f) (3.52)
ASNFy
< exp(—ncge?) a.s. by Corollary3.3.2 (3.53)

Now let ¢ > 0. Denotethe samplespaceby X" with obsered dataz™, and denotethe true

distribution functionfor thedataby P;'. Let A beLebesguaneasure.

P( Rn(f)dﬂn(f)>0> < g Rn(f)dwn(f)] by Markov's Inequalit{3.54)
2

|/
— %/n . Ry (f)dmy(f) dP? (3.55)
= oo ) B G axe) (3.56)
- L L) () 1) A" (357)

_ % / 7@ ) X (3.58)
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= 1/ [ f(x")d)\(x")] dm,(f) by Fubini's Theorem (3.59)
C Fe xn
1
- </ () (3.60)
- %nn(]—"ﬁ) (3.61)
< %exp(—m") forn > N. (3.62)
Now letc = exp(—%7). Then
P( Ru(f)dra(f) >exp(—%)) < exp(—). (3.63)
Fs

ThusP (ffﬁ R, (f)dmn(f) > exp(—%)) o andsoffﬁ R, (f)dmn(f) < exp(—2%F) excepton

asetwith probapilitytendingto zero.Combiningthetwo partgof theintegral gives
BNl S | BalDdmal) 4 [ Ta(Ddmall)  (364)
Ac Fe ASnFy,
< exp(—%) + exp(—nca€?). (3.65)
Wherethelastinequalityholdsexcepton a setwith probabilitytendingto zero. |

Next alower boundis foundfor thedenominatoof Equation(3.12).

Lemma 3.3.3 Let p and ¢ be any two densityfunctions. Denotethe Kullbadk-Leibler distance

betweerp andq by Dk (p, q). Then

2
Eyp logg‘ < Di(p,a) + . (3.66)
Proof. Let A = {x;log% > 0}. Then
E, log]—)‘ = /plogg—/ plogz—)—i—/ plogg—/ plogg (3.67)
q A q A¢e q Ace q A¢e q

= /plog]—)—Q/ plogz—) (3.68)

q c q

log%
= Dulp)+2 [ o (3.69)

©p

Now notethatfor z > 1 (orindeedfor z > 0), '°6% is maximizedatz = e. Sofor z > 1, %62 < L.

log €
Sowhenlog £ < 0, then? > 1 andthus—2 < L
p

2 2
B, 1og§‘ < Dupa) +2 [ o< Dtpia)+ 2. (3.70)
AC
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Lemma3.3.4 LetR,(f) =

f(Zn,yn)
fo(-’En yn)

50

For anygiveny > 0, defineK,, = {f; Dk(f,, f) <}. Let

d > 0. Supposehatfor all v, > 0,3N s.t. 7,(K,) > exp(—nr) Vn > N. Thenfor large n,

J Rn(f) dmn(f) > e ™ excepton a setof probability tendingto zeo.

Proof. Thisproofis dueto A. Barron(personatommunication).

Let A > 0 anddefiney = §/\. Letm(z,) = [ f(2zn,Yn) dmn(f).

Firstwe shaw that D (f,,m) < nr + nd/, andthenwe will shav thatP (R, (f) < e ™)

Dclfom) = 8 |log 7t
fo
< E|log+—F77——
- ng fdﬂn )]
Jo
= FE |log
f fdmn(f)
| (K)o
1 fK .fdﬂ'n(f)
= log——— + D | fo, r 0
Tn (K-) " ( T (Ky)
— logma(K,)+ Dx (fo,/f(x”)dwn(f|K7)>
< —logm,(K )+/DK(fo,f)d7rn(f|K7) by Jensers Inequality
K’Y
< —logm,(K,)+mny bydefinitionof K,
_ nd
< —loge ”T—FT
< ™
< nr X

So P (Rn(f) < e*m)

IN

IN

AN

(3.73)

(3.74)

(3.75)

(3.76)
(3.77)
(3.78)

(3.79)
(3.80)
(3.81)
(3.82)
(3.83)

(3.84)
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< S nr+ nd + 2 by Equation(3.79) (3.85)
no A e
r 1 2
= 5+X+%, (386)
: —nd T 1
andhence lim P (Rn(f) <e ) < -+ . (3.87)
n d A
Sincethelastequatiorholdstruefor all » > 0,
1
: —nd -
lim P (Rn(f) <e ) <3 (3.88)
And this holdstruefor all A > 0, so
—né\ P
P (Rn(f) <e ) By, (3.89)

Thus, we canconcludethatfor all § > 0 andfor suficiently large n, [ R,(f)dm,(f) > e ™
excepton asetof probabilitytendingto 0. |
Now we have donethe hardwork for the proof of Theorem3.3.1.
Proof of Theorem 3.3.1:
By Lemma3.3.2,ng Ry (f)dmn(f) < exp(—%) + exp(—ncze?) for sufficiently largen.
By Lemma3.3.4, [ R, (f) dmn(f) > e~™ exceptonasetof probabilitytendingto O.

¢ Bn(f)dmn(f)
P (AY(x1,91)s--- 5 (Tnyyn)) = f?Rn(f)dﬂn(f) (3.90)
< @B ropfnad) o)

— exp (—n [g - 5]) +exp (—ne2[ey —48]) . (3.92)
Now choosej suchthatbothf — § > ¢ andc, — 6 > ¢ wheref > 0. Then
P (A(1,1), - (@, yn)) < €7 4 T8 (3.93)
Thusfor suficiently largen,

P (AY)(21,91)s -+ » (Tnyyn)) 2 0. (3.94)
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Theorem3.3.1limpliesthatthe HellingerdistanceD g (f,, f) KR 0, wheref is arandomdraw
from the posterior Whatis left to shaw is thatthis alsoholdstruefor the predictie density f,,, and
thatthe predictve regressionfunction, g, (z) = E; [Y|X], convergesin meansquareto the true

regressiorfunction,

_ _ B
9o(z) = Ep,[V|X] = B, + z:: Trew ST ) (3.95)

Proof of Corollary 3.3.1: Firstwe shaw thatD g ( fo, fn) £o. Forary e > 0:
Diforf) < [ Dulfo )im(fIX") by Jensersinequaliy (3.96)

_ / Dir(for £)dma(F1X™) + / Dir(for Ndma(fIX™)  (3.97)
Ae Ac

IN

[ camaaix™ + [ Di(fon pramals1x7) (3.98)
A Ac

< et /A Do, ) (f1X™). (3.99)

Thesecondermgoesto zeroin probabilityby TheorenB.3.1,ande is arbitrary soD g ( f,, fn) 5.

TheHellingerdistancebetweenf, and f,, is:

Dy (fo, fn) = ( / / [\/fnm,y)—mrdydx)w (3.100)

1/2

- ( [ = [ (-3 @) — 0 (~ 50 go<x))2)]2dydw) (3.101)
([ [ oo (-5 1u(@?) +ex0 (-5 - )?)

~2exp (1 [0 @) + v~ o)) )| o) " @)

1 1/2
220000+ 0o + 00 0] )dyds)  (3:209)

- off e

R e s e

_ (2_2 / exp [_%(gn(x) —go(x))Z] dac) " (3.105)
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Since Dy (fn, fo) — 0, we alsogetthat [ exp [— (Gn(7) — go(2))?| dz 5 1. We will now
shaw thatthisimpliesthat (g, (z) — go.(z))? — 0 a.s.on aset,, with probabilitytendingto one,
andhence/ (g () — go(x))2dz 5 0.

Supposey way of contradictiorthat (g, (z) — g,(z))? doesnot corvergea.s.to 0 on . Then
thereexistsane > 0 anda subsequencg,, (z) suchthat (g, (z) — go(z))? > e onasetA where
P(A) > 0. Now decomposeurintegral:

Jexp [ @n(@r-go@)?] da = fexp[-Ga(a)-g0(a))* iz + [exp[-(6n a)90(z)*]dz (3.108)

A c
< P(A)e “+P(A°) < 1. (3.107)
Theinequalityis strictbecause > 0 andP(A) > 0. But astrictinequalityis a contradictiorsince
the integral convergesin probabilityto one. Thus (g, (z) — go(x))? — 0 a.s. on 2. Now apply

Schefé’s Theorento getthat [ (G, (z) — go(z))?dz — 0 a.s.onQ andhence

/(gn(x) — go(z))2dz 5 0. (3.108)

[ ]
We will nov shaw that Theorem3.3.1is relevant,in that somestandarcchoicesof priorsand

reasonableonditionson thetrueregressiorfunctionwill satisfythe conditionsof thetheorem.

Theorem 3.3.4 Let {w, } bea sequencef priors for theregressionparametes, wheee for ead n,
7, IS anindependenhormalwith meanzeio and standad deviation o for ead of the parametes
in the neulal network. Supposehat the true regressionfunctiong, is eithercontinuousor squae

integrable Then [ (g, () — go(x))2dz 5 0.

The proof of this theoremrequiressomeresultsaboutthe approximationabilities of neural

networks.

Theorem 3.3.5 (Funahashi1989)Letz € X betheindependemntariablesona compactpacet’.
If thetrue regressionfunction,g,(z), is continuousthenfor anygivene > 0, there existsa neuial

networkregressionfunction,g(x), sud that

sup |g(z) — go(z)| < €. (3.109)
zeX
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Theorem 3.3.6 (Hornik etal., 1989)If x is a probability measue on [0, 17, thenfor everye > 0

andeveryg, sudthat [¢2(z)du(z) < oo, ther existsa neurl networkg sud that

lg — goll2 = \//(g(w) = go(x))?dp(z) <e. (3.110)

We will alsoneedthefollowing lemma.We will continueto work with z € X = [0, 1]P.
Lemma 3.3.5 Suppos¢hat g is a neural networkregressionwith parametes (64, ... ,8,), andlet
g beanothemeual networkwith parametes (6, ... ,8; ). Definef; = 0 fori > d andf; = 0 for

j > dn. Suppos¢hatthe numberof nodesof g is k, andthatthe numberof nodesof § is k,, whee

kn, = O(n*) for somes, 0<a<1. Let

My = {3

|0i—é,-|§5i:1,2,...}. (3.111)
Thenfor anyg € M; andfor suficientlylarge n,

sup (§(x) - g(x))? < (5n%)*6” . (3.112)

Proof.

4 -
Bj . - ~ B
y 3 g(.’]?) = ﬁo + Z J - .

j=1 1+exp (—’y}x) j=1 1+exp (—'y;-x)

k
Denote g(z) = G, +

(3.113)

p

> Fin = vin)zh

h=1

Thenforary z € [0,1P,  |¥jz — vjz| = <> An — vinl < po.

g (3.114)

Considetthefollowing difference:

1B (1 + exp(—vjz)) — B; (1 + exp(~Fj2))| = |8 = 8 + By exp(—jz) — B exp(~Fa)|
(3.115)

Letu = —y;z. Then—7iz = u + & for somef suchthat|¢| < pd. Also notethatet < 1 4 2|¢| for
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¢ < 1. Now we have that

IN

‘Bj - ﬂj‘ + ‘Bje“ - ﬁje”‘f‘ (3.116)
B — ﬂjef‘ (3.117)
Bi—BiL+2e)| (3118
6+ [|B— 8| + 1268 (3.119)

0+ (6 + 2pd |B;]) e®. (3.120)

‘Bj (14 exp(—vjz)) — B; (1 + exp(—7z)) ‘

AN

0+ e

AN

0+ e*

IN

IN

Relatingthis backto the neuralnetwork basisfunctions:

Bt o)) — (1 e(=3a) )| 612
(1-+exp(=7j2) ) (1 + exp(—}) )

0+ (0 +2pd|Bj|) e

Bi B Bj
14exp(—9jz)  1+exp(—vjz)

(3.122)
(1+exp(~)) (1 +e¥)
< 0+ (6+2pd1B85]) =261 +p|B;l) - (3.123)
For simplicity in notation,denote
Bj Bi
T = — 3.124
I T exp(Aa) 1+ exp(—7) (3.1249
Looking atthe differencein thesums:
b B 8
J — J < r; <2 1 ; 3.125
;l-l-exp(—%:v) l+exp(—vyz)| ~ EJ: 7= 5;( +rlf5]) ( )

IN

26 (n“ +)p ﬁj|) < 46n® for largen. (3.126)
J

Thenforary z € X:

Fon 3 k . 2
@) —g@)? = [Brd—F 53— (3.127)
j=1 1 +exp (—fy;.x) j=1 1 +exp (—'y;-:z;)

IA

(5= 15,)" +28,— 8,

2
> T+ (Z rj) (3.128)
i j

62 +80%n2 + 16620 = (1 + 4n®)* 42 (3.129)

IN

< (5n%)? 42 . (3.130)
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|
Proof of Theorem 3.3.4: Firstwe shav thatcondition(i) of Theorem3.3.1holds.
n(FE) = / n(6)d0 (3.131)
7
dn /0.
< Zz/ </5(—Z> do (3.132)
i=1 n g
= dy |20 / $(r)dr (3.133)
| Cnlo
s (Ca
< d, % Mill' s Ratio (3.134)
L o
202 1 C?
Nowtake C, = e *, 0 <a<b<1:
2 —a
T(Fn) < dp (aZ\/i) exp( b= )exp( L ot ) (3.136)
T 202
= exp( [ log< ) )exp b_a) (3.137)
dn=(pP+2)n*+1< (p+3)n
1 —a
< exp —log [ (p+3)0 \/j —alogn| | exp S (3.138)
T 202
< exp( [ ])exp (—%eQ”b_a> for largen (3.139)
20
< exp( % 2n®= a) (3.140)

For sufiiciently largen, e?”

1

s, andsom, (F;;) < exp(—nr) wherer = 5.

Next we needto shav thatcondition(ii) holds.We do this by first finding a neighborhoodMy)

of a closeapproximatingneuralnetwork, andthenshaving thatthis neighborhoodassuficiently

large prior probability Let g, bethetrueregressiorfunction,andsupposehatg, is continuous For

ary y > 0, choose = \/5 in TheorenB.3.5andlet g beaneuralnetwork suchthatsup ¢ » [g(z)—
go(z)| < €. Letd = 55 = /zEn~° for Lemma3.3.5. Thefollowing calculationwill shav that
forary g € Mj, DK(fo,f) <7,i.e.Ms C K,.
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DK(anf)

AN

<

_ " folz,y) .
- / fo(z,y) log f(:v,y) dyd
- // (¥ — go()) ]fo(y‘iv)fo(x)dydx

= 5 [ 6@ - 0(a))* fola)do

(@) — gle) + 9(2) — go(2))? fole)da
[sup@(:c) ~ g(@))? + sup(9(e) — gole))*+

reX TEX

+2sup |9(z) — g(= )Ijlelp l9(z) = go(2)|| folz)dx

[€2+€%+2€2] fo(x)dz by TheoremB.3.5andLemma3.3.5

57

(3.141)

(3.142)

// —2y§(x) +3(x)* +2yg0(2) — go(2)*] folylz) fo(x)dydz (3.143)

(3.144)

(3.145)

(3.146)

(3.147)

(3.148)

Finally we shaw thatfor all v, > 0, thereexistsan N, s.t. m,(K,) > exp(—nr) Vn > N,.

Tn(Ky)

> 7Tn(M5)
dn

bivo 1
= H/ exp (——2u2> du
9;—6 V2mwo? 20

1
2(5 f
H €[9; ll’% 0:;4+6] V/2mro2 xp

v

1 2

(-z")
1 1

26 f ——?

H amleﬂ]me"p( 202“)

v

= Héwmexp (—217@) , (= max ((9,~—1)2,(0i+1)2)
=1

v

dn
[ 2 1 =
((5 W) exXp (_chn> ) C = m?X(Cl, Tt Cfin)

(3.149)

(3.150)

(3.151)

(3.152)

(3.153)

(3.154)
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dn
<¢%M%h%>em(3%@0 (3.155)

- y 1 -
= exp (—dn [a logn — log 5iroZ| FC%) (3.156)
1 .
> exp (— [Qa logn + 2—2C] dn) , forlargen (3.157)
> exp( [2alogn+—](p+3) ), dp = (p+2)knt+1< (p+2)n*+1< (p+3)n®(3.158)
> exp(—nr) for ary r andfor all n > N, for someN,. . (3.159)

Onecanusea similaragumentto shaw thataneuralnetwork canapproximateary Lo function

arbitrarily closely Notethatfor ary L, functionh, ||h||2 > ||h||1, SO

1/2
t([to0) - gu(@)?duto)) <. then [lg(o) - ulo)lduto) <
(3.160)
Equationg3.144)through(3.148)now become:

Dilfnf) = 3 [ @) - 9,@)? fu(w)is (3.161)
= 5 [ 6@ = 9(0) + 9(2) = 0,0))* foa)do (3162)
< 3| [ 5w - o) fofordo + / (9(2) — 9o(x))? fola)da

+ 25w i) - 9(0)| [ la0) - go@) )| (3163)

< % [€2 + €% +2¢%] by TheorenB.3.6andLemma3.3.5 (3.164)
_ o9 = oy (3.165)
|

Theorem 3.3.7 Lettheprior for theregressionparametes bethenoninformativeprior of Chapter
2,i.e, m, = % overtheregionwhee |Z'Z| > Ch, |vjn| < Dy and|g;| < Dy, for all j and
h. LetC, — 0, with C, > 0 for all n, andlet D,, — oo sud that D,, = o(exp(n")) for all

r > 0. Supposéhatthetrue regressionfunctiong, is eithercontinuousor squae integrable Then

[ (Gn() — gol(x))2dz 5 0.
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Proof. Clearlythe conditionsof Theoren3.3.1hold. Therestof thelogic from the previous proof

(of Theorem3.3.4)now givestheresult. |

3.3.2 The Number of Hidden Nodesasa Parameter

In theprevioussectionwe let thenumberof hiddennodesk,,, increaseo infinity asafunctionof n.
A differentapproactis to treatthe numberof hiddennodesasanothemparametein the modeland
to specifyaprior distribution for it. Wewill shav thatthis approachalsoleadsto anasymptotically
consistenposterior

Let \; = P(k = i) betheprior probabilitythatthenumberof hiddennodess i, > A\; = 1. Let
m; betheprior for the parametersf theregressiorequationgiventhatk = 4. Thejoint prior for all

of theparameterss ) _, \;m;. We now extendtheresultof Theorem3.3.1.

Theorem 3.3.8 Supposehat: (i) there existsa sequence; > 0 anda sequenceV; sud that for
eath i, m;(FS) < exp(—nr;) for all n > Ny; (i) for all y,r > 0, there existsan I anda sequence
M; sud thatfor anyi > I, m;(K,) > exp(—nr) for all n > M;; (i) By, is a boundwhich grows
with n sud thatfor all » > 0, there existsa ¢ > 1 andan N sudthat} >°p | A < exp(—nir)

forn > N; (iv) for all 4, A\; > 0. Thenfor all € > 0,
P(A€|(£U1,y1),.__ ’(mnayn)) £> 1. (3166)

Proof. Wewill now shaw thatit is still thecasehatP (AS|(z1,y1),. .. 5 (Zn,Yn)) 5o, by shawing
thatthe conditionsof Theoren3.3.1hold for the combinedprior .
For thefirst conditionof Theorem3.3.1let

Fo=Jg (3.167)
1=0

whereg; is the setof all neuralnetworks with 7 nodesandwith eachparametetessthanC,, in
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absolutevalue,C;, < exp(n®), 0 < b < 1. Now we have that

o
m(Fg) = > nmi(G) (3.168)
=0
By, o0
< Y Am@)+ > A (3.169)
=0 1=Bp+1
Bn o
< ) Mexp(—nr)+ Y X byassumptiorfi) (3.170)
=0 1=Bp+1
Lettingr* = min{rg,r,... ,7p, } gives
B, 00
m(Fg) < exp(-nr)d N+ DN (3.171)
=0 i=Bnp+1
< exp(-nrf)+ Y A (3.172)
t=Bn+1

By assumptioriii), Z‘ZﬁBnH i < exp(—nir*) for sufiiciently largen, whereqg > 1. If we now

letr = 7*/2, thenw(Ff) < exp(—nr) for suficiently largen.

Now we checkthe secondconditionof Theorem3.3.1.Forary v > 0,

m(K5)

>

>

o0
> imi(K) (3.173)
1=0
Amr(K,),  wherel is from assumptiorgii) (3.174)
e ™, (3.175)

for ary r* for sufficiently largen by assumptior{ii). Sincel is aconstant)\; doesnotdependon

n andis positve by assumptior{iv). Sincer* is arbitrary 7(K.,) > e~"" for ary r for suficiently

large n. Thusthe conditionsof Theorem3.3.1hold,andsodoits conclusions. [ |

We canalsoextendtherestof theresultsfrom the precedingsectionin thefollowing theorem.

Theorem 3.3.9 Letw; beanindependenthormalwith meanzeo andstandad deviation o for ead

of thei parametes. Letthe prior for k£ bea geometricwith parameterp. Let B, = O(n?) for any

g > 1. Suppos¢hatthetrue regressionfunctiong, is eithercontinuousor squae integrable Then

[ (Gn(z) — go(z))2dz 5 0.
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Proof. We merelyneedto shaw the four conditionsof Theorem3.3.8,andthentheresultfollows
directly from thattheoremandthe proof of Corollary 3.3.1. Following the ideasfrom the proof of
Theorem3.3.4,we will shav thattheconditionsof Theorem3.3.8do hold true.

Condition(i) follows from the proof of Theorem3.3.4,Equationg3.131)through(3.140),be-
causdor ary givens, i < n® for a > 0 for sufiiciently largen.

For condition(ii), first we adaptlemma3.3.5to the caseof a fixed numberof hiddennodes:i:
Letg € My whereg hasi hiddennodesandlet g have i* hiddennodes.Thenfor sufficiently large
n, supgex (§(z) — g(z))* < €262, whereC' = 5[(p + 2) max{i,i*} + 1]. Now if we let I be
the numberof hiddennodesrequiredby Theorems3.3.50r 3.3.6,it is still truethatM; C K, (c.f.
Equations(3.141)through(3.148)). Clearly 7;(Ms) > exp(—nr), andthuscondition (ii) holds
true.

Clearlycondition(iv) is truefor ageometrigorior. For condition3:

P(K >B,) = i p(1 —p)’ (3.176)
1=Bp+1

_ 7’(1+”B"+1 = (1—p)Betl (3.177)

= exp[(Bn + 1)log(l —p)] now let B, = n? (3.178)

= exp[—n?(—1log(1 — p))]. (3.179)

Sinceq > 1, thereexistsag* suchthatl < ¢* < ¢. Thenforary r > 0, P(k > B,,) < exp[—n? 7]
for sufiiciently largen. |
NotethatTheorem3.3.9alsoholdstruefor a Poissorprior for k with B,, = O(exp(n?)) for ¢ > 1.
Let the parameteffor the Poissondistribution be £&. We canshav condition (iii) easilyby using

Markov’s inequality:

P(K>B,+1)< BIK] _ ¢

¢ "
= < 2 = —nd _n4 .
“B 11 B.i1 B, & exp(—n?) < exp(—n? r)

(3.180)
3.4 Discussion

We have shawn thatusinga neuralnetwork to estimateary continuousor squaréntegrablefunction

will bearbitrarily accuratewith probabilitytendingto one,givenenoughdata.Thisis animportant
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resultin thatneuralnetworksarein widespreadisefor dataanalysisoday

Oneshouldnotethatthe theorem=f the previous sectionshav thatthe posterioris consistent
bothin the casethatthe numberof hiddennodesgrows to infinity, andin the casethatthe number
of hiddennodess a parametewhichis estimatedrom the data. Thusonecouldeitherusea large
numberof hiddennodesto more simply get a good approximation,or onelet the datadrive the
numberof hiddennodesin the model. In the latter case,model selectionand model averaging
becomemportantissuesandthesewill bediscussedh alaterchapter

Theresultsof thischaptelarealsofurthergeneralizableTheparticularchoiceof anindependent
normalprior is sufficient, but not necessary Clearly one could usemary otherpriors, including
hierarchicapriors. Oneneedonly to ensurehatthey satisfythetwo conditionsof themaintheorem.
In the casewherethenumberof nodesds alsoa parameteronecoulduseotherpriorsfor thenumber
of nodes.

One could also adaptthe resultsto a larger classof true regressionfunctions. The choices
of continuousandsquareintegrablefunctionswere madebecausehey area rich enoughclassto
containnearlyall the functionsin which we might beinterested Therewerealsoreadily available
resultsfrom the computerscienceliterature on the asymptoticapproximationabilities of neural
networksfor theseclasse®f functions.

Finally, one neednot take the regressionerror to have varianceone, but could insteadtake
f(Y|X = z) ~ N(g(x),0?). Thisaddsanuisancegarameteto the problem,but shouldnot affect

themainstructureof the proof.



Chapter 4

Estimating the Normalizing Constant

4.1 Overview

To computethe Bayesfactorfor comparingwo models,oneneedghe normalizingconstanbf the
posterior Thusthis chapteris relevantto this thesisprimarily becausef the following chapteron
modelselectiorandmodelaveraging.However, the problemof estimatinghenormalizingconstant
for aposterioris adifficult problemin its own right.

Denotethemawginal posteriordensityof the datafor a givenmodelasm:

m = / L(Oly)m(0)d6 = / h(0)do (4.1)

wherelL is thelikelihoodunderthe model,r is the prior, € is the vectorof parametersandh(-) =
L(-)=(-), theproductof thelikelihoodandthe prior. Recallthatthe posteriorprobability of model

M, canbewrittenas:

P(M;|D) = %, (4.2)

where D is the dataand m; is the normalizingconstantof Equation(4.1). Thus one needsto
estimatehem; in orderto compareposterioprobabilities.In thischapter!l will review anumberof
differentapproximatiormethodsandl will try themon neuralnetwork regression®ntwo datasets.
The methodshave difficulties even on thesesimpledatasetsand! will give somepossiblereasons

for their problems.

63
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Therehave beenmary proposalson how to estimatetheseanalytically intractableintegrals.
The methodsfall primarily into two categories: numericalmethodsand sample-basedethods.
Numericalmethodsattempto estimateheintegral directly from theunnormalizedlensityfunction
andincludesuchmethodsasquadratureand Monte Carlointegration. Sample-basethethodsely
onthefactthatwe canuseMarkov ChainMonte Carlo(MCMC) to geta samplefrom the posterioy
andthenusethis sampleto estimateheintegral of Equation(4.1). ThesemethodsncludeLaplace
approximationsandimportancesampling. Finally, the Bayesianinformation Criterion (BIC) can
be usedto directly approximateaatiosof normalizingconstant¢suchasBayesfactors),andhence
posteriorprobabilities.

This integrationproblemis difficult for severalreasonsFirst, theintegral is typically of mod-
eratelyhigh dimension suchthat evaluatingthe function over a grid is infeasible.In the caseof a
neuralnetwork, therearetwo additionalproblems First, symmetriesn themodel(bothin thelike-
lihood andthe prior) inducemultimodality in the posterior Secondthe nonlinearityof the model
resultsin irregularly shapedcontourswhich arefar from the Gaussiarcontoursthatareassumed
by mary standardntegrationtechniques.

As a simpleexampleof a symmetryproducingmultiple equivalentpeaksin the posterior con-
sidera neuralnetwork with two nodes. Now considerswappingthe valuesof the parametersor
the two nodes(essentiallyjust switchingthe orderof the nodes).Thelikelihoodremainsthe same
(asdoesthe posteriorfor all priorswhich treatthe nodessymmetrically which mine do). Thusthe
posteriowill have two symmetricpeakswhich correspondo thetwo ordersof thetwo nodes.For
k nodestherearek! suchpermutations.

Thereare several possiblesolutionsto this problem. One could force the MCMC sampleto
visit all modeswith equalprobability jumping betweermodes(Nobile, 1994). Alternatively, one
could breakthe symmetryby using a prior which is not symmetricwith respectto the ordering
of the modes. Instead,my approactis to let the MCMC samplewanderunrestrictedin practice,
primarily arounda single mode or two) and then “fold” the sampleonto a single modeby re-
orderingthe parameter®f the sample.In particular | requirethaty;; < v91 < ... < Vg1, i-€.,
the slopeparameteinsidethe logistic function of the first input variablemustbe increasingwith

respecto thenodenumber For the problemof estimatinghe areaunderthe function,the problem
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is equivalentto thatof estimatinghe areaunderoneof thesemodesandmultiplying by k! because
of the symmetry Thusl reflectthe MCMC samplesothatall samplesappearo be from the same
mode. This reflectiontechniqueeliminatesthis sourceof multimodalityandalsodoesnot put ary
restrictionsonthe MCMC sample An alternatve approactwould beto restrictthe MCMC sample
to a singlemode,but this would hamperthe mixing of the chain. My approachallows the normal
mixing, but still removesthe problemof multimodality by taking adwantageof the symmetryin the
posterior

The secondareaof difficulty thatis particularly relevant for neuralnetworks is the irregular
shapeof the contoursof the posterior As anexampleof how irregularthesecontourscanbe, even
in a simple problem, Figure 4.1 shavs someof the contoursof the log of the posteriorfrom a
two-nodeneuralnetwork, after integratingout all but the four v parametersnside of the logistic
functionsof the two nodes.Thefour plotsaredifferentviews of the contoursfor thelog-posterior
asa function of ;¢ and~s1, i.e., the location parameteof onenodevs. the slopeparameteof
the othernode. Notethatthefirst threeplotsarelocal views in the neighborhooaf the mode,and
thelastplot is a globalview. In the upperleft plot aresimply the contoursof the posterioy where
thelevels arechoserto be the maximumminusthe .5, .95, and.99 quantilesof a chi-squarewith
four degreesof freedom(e.g.87.4,81.2,and77.4,wherethe maximumis at 90.7). Noticehow the
distribution is bimodal,with eachpeakbeinga differentnon-ellipticalshape.The upperright plot
is animageplot, wherethe highestlevels are darlest,andthe lower levels arelighter. The lower
left plot is a perspectie plot, alsoshaving only thosepartsof the log-posteriomhich areno more
thanthe .5 quantileof ax? away from the maximum. The lower right plot shavs a global view of

thelog-posteriar

4.2 Methods

4.2.1 Numerical Methods

A large numberof numericalmethodsexist for approximatingntegrals. They fall into two main
groups:quadraturanethodsandMonte Carlomethods.An attemptto usethe quadraturenethods

in the IMSL softwareroutinespackaggFortrancode)failed,asthey consistentlyreporteda failure
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to corverge. BAYESPACK (GenzandKass,1997)is a packageof numericalintegrationroutines
designedspecificallyfor posteriordensitieslt containsseveralMonte Carlomethoddgor estimating

normalizingconstantsTheseproceduresveregenerallymoresuccessfuthanthe IMSL routines.

4.2.2 Laplace Approximation

The Laplaceapproximationis basedon a normalapproximatiorto the posteriordensity(Tierney

andKadane 1986). The Laplaceapproximationis:

iy = % (4.3)
whered is the posteriormodeand 3 is the negative of the inverseof the obsered Hessianof
the log-posteriar The erroris of orderO,(n~!) in the sensethatm = M, (1 + O,(n™')). As
a computationakhortcut,3; can be further approximatedwith the posteriorvariance-ceariance
matrix of the parameters.

The Laplaceapproximationrassumeshat the posterioris unimodal,which is certainlynot the
casdfor aneuralnetwork wheretheposterioiis highly multi-modalbecausef thenon-identifiability
and symmetryof the parameters.Furthermorethereare ridgesin the posteriordueto the high
correlationof the parametersTo improve the approximationDiCiccio et al. (1995)suggesusing
only thosepointsfrom theMCMC simulationin a neighborhooaf the posteriormode,which they

call thevolume-correcte@stimator Let
B={o ‘ (6-0'S -6 <3} (4.4)

for 6 chosensuchthat ®(B) = [, ¢(6; 0,%)dd = « for anappropriatechoiceof «, the fraction
of thetheoreticanormaldistributionin B. Also, defineP(B) = [ p(6|y)d0 to bethetheoretical
fractionof the posteriorcontainedn B, andlet p bethe sampleestimateof P(B), i.e. thefraction
of theMCMC samplein B. DiCiccio etal. shav thatthe volume-correctedlaplaceestimates
. hd) «a
m =— =_z-
$(6;0,%) P
They alsoshav thatthe order of the error for this estimatoris an improvementover that of the

(4.5)

original Laplaceestimatorif mn~(41P)/2 — oo, wherem is the simulationsize,n is the sample

size,andp is thedimensionof the parametespace.
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4.2.3 Importance Sampling

Importancesamplingis a well-establishednethodfor estimatingposteriorquantities(Gewveke,

1989).1t usesarandomsamplefrom a distribution @ with densityq to do Monte Carlointegration.

In particular draw 61, . .. , 8, from Q to gettheestimate
1 h(6;)

m, = — = . (46)
M Zz: q(6;)

Thechoiceof ) canbe problematicsinceonewantsto pick ) suchthatq is similarto h, andg has
tails asthick or thicker thanh. DiCiccio etal. (1995)suggestisingthe posteriorto helpchooseq).
A simplechoiceis to usea normaldistribution with meand andvariance-ceariancematrix .
Theimportancesamplemworksbestwhenthe posterioris similarin shapeo theapproximating
densityq. For a neuralnetwork, this is unlikely to be true over the whole space.DiCiccio et al.
give a volume-correctestimatorwhich only usesthe pointsin the neighborhoodB of Equation
4.4. This shouldwork betterfor a neuralnetwork becausehe effect of thetails of the distribution
is removed. Thelocally-restrictedapproximatioris
3 i h8:)Is(6:)/a(6i)
T IS T8 (0
M Zz B( Z)

wherelg(-) is theindicatorfunctionfor thesetB.

(4.7)

4.2.4 Reciprocal Importance Sampling

Onedrawbackof importancesamplings thatit requiresdraving asecondandomsamplgalthough
typically from a simplerdistribution thanthe posterior).Onecouldinsteadusethe original MCMC

sampledirectly. Thereciprocalimportancesamplemwasintroducedoy GelfandandDey (1994):
-1
)1 q(6;)
(sl 9

wheregq(-) is anarbitrarydensity The choiceof ¢ equalto the prior densityleadsto the harmonic

meanestimatorof Newton andRaftery(1994). Analogouslyto theimportancesampler onewants
to pick ¢ to have tails asthin or thinnerthanh. Failureto have appropriately-sizethils on g can

leadto very high variancein theestimates.
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Again, thereis alocal versionof thereciprocalimportancesampler DiCiccio etal. defineit as

-1
ok 1 q(0:)15(6:)
mR—a{M;Téj)} : (4.9)

By restrictingthe sampleto alocal area(away from thetails), onehopego avoid the high variance

thatis oftenobseredin thereciprocalimportancesamplerestimates.

4.2.5 Bridge Sampling

Bridge sampling(Meng and Wong, 1993)is anothermethodthat can be appliedto our integral.

MengandWongshaw that,for ary functiona(-) satisfyingcertainregularity conditions,

= _J 1(0)a(0)q(0)do
[ a(0)a(0)p(8]y)do’

wheregq(-) is the normalapproximatiorto p(f|y). Usingour MCMC samplefy, ... .0y from the

(4.10)

posterioy andalsodrawing asampleél, ... ,éM from ¢, we cancombinetheseinto Equation4.10

to gettheestimate

a7 20 () a(6;
g — 22z MBi)al0:) (4.11)
~ 2_; 4(0)a(6;)
MengandWongshaw thatthe optimalchoiceof a(-) is
Nh(0 -1
a(f) = (# +Mq(0)> : (4.12)

As this choiceof a(-) dependon m, it requiresaniterative solutionbetweenevaluating g and
a(@). Bridge samplingcontaingthe previous sample-basethethodsasspecialcasesln my experi-

ence theiterative bridgesamplerdoesnot alwayscorverge, andthusis lessuseful.

4.2.6 Path Sampling

Insteadof usinga single densitybetweenthe samplingfunction andthe functionto be integrated
(the“bridge” function),pathsamplingaimsto createa continuougpathof functionswhich connects
the simplersamplingfunction to the morecomple functionto be integrated(GelmanandMeng,

1996). If ¢ is our samplingfunctionand# is our intractablefunction, thenwe index the pathwith
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§ to getthepathq*(8|6) = ¢'~2(8)h°(#). An estimateof theintegral canbe found usingthis path.
However, this requiressamplesfrom the functionsalong the path, which are significantly more
difficult to samplefrom in the caseof neuralnetworks. Onewould needto useMetropolisstepson
all parameterswhich would not be computationallyfeasiblesinceone needsto generatea single

samplefrom mary differentdensitiesalongthe path.Hencel did not pursuethis method.

4.2.7 Density-BasedApproximation
Anotherapproachs basedn estimatinghe posteriordensityfrom theresultsof the MCMC simu-
lation. Sincethe posteriordensityis

p(oly) = OO _ 1O (4.13)

we canrewrite thisto get

_ h(6) _ h(b)
p(@ly)  p(boly)

for ary point y. If onecould do a densityestimationat 6y, thenthe abose equationis simple.

(4.14)

However, the posteriorfor a neuralnetwork is not unimodaland containsridgesof high posterior
probability making density estimationa difficult task. The densityestimationsteprequiresuser
adjustmenbf tuning parameterswhich is difficult to do in higherdimensions. Becauseof this
addeduserdifficulty, it would not be practicalto usethis methodfor mary differentmodelsduring

amodelselectionprocesssothis methodwasnot pursuedurther

4.2.8 Partial Analytic Integration

As themodelis a hierarchicaimodel,thereis someconditionalindependencamongsthe param-
eters. It is indeedpossibleto analyticallyintegrate out someof the parametersin particularthe
outputcoeficientsandthe variance(the 8’'s ando?), leaving a “reduced’model. In theory exact
integrationshouldbe moreaccuratéhanusingary of theabove approximationgor our integral.
For theimportancesamplerthereducednodelgreatlysimplifiesthe calculationsasit remaoves

the needto generateandomdraws for the varianceparameter?. Thus! only usetheimportance
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samplerandthe bridgesampleffor thereducedmodel,notfor thefull model. For the otherapprox-

imations,| calculateestimatesisingboththefull andreducedmodels.

42.9 BIC

The BayesiarinformationCriterion(BIC) (Schwarz,1978):
1
BIC=L- Eplogn, (4.15)

whereL is the maximumof the log-likelihood, p is the numberof parameterin the model,andn
is the samplesize. The BIC is anapproximatiorof the log of the Bayesfactorfor comparingthe
modelto the null model(thatwith only aninterceptterm). In mary casest canbe shavn thatthe
BIC minusthelog of the Bayesfactoris O,(1). Thuswe canapproximatehe posteriorprobability
of model: with

eBIC"

p(M;|D) =~ Wa (4.16)
J

whereBIC; is the BIC for themodel M;. This approximations simplerthanthe othersin thatit

only requiresthe maximumlikelihood estimatesf the parametersatherthana samplefrom the

posteriordistribution.

4.3 Numerical Comparisonsof the Methods

In this sectionl will describethe resultsof comparingthesemethodson two differentdatasets.
Thefirst is a one-\ariabledatasethatlooks approximatelyguadraticjmplying two or maybethree
nodesarenecessarylhesecondlatasets a simulatedexamplecontainingtwo variablesof interest

andtwo noisevariables andrequiringthreenodes.

4.3.1 Ethanol Data

Thefirst datasets the ethanoldataof Brinkman(1981). Thedatacomefrom anautomobileengine
experimentwhere ethanolwas burnedas a fuel. This datasetcontains88 obserationsfor one

explanatoryand one responsevariable, so it is a simple test of the approximationmethodsfor
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comparingdifferentnumbersof hiddennodesin the model. The explanatoryvariableof interest
is the equivalenceratio at which the enginewasrun, a measureof the level of ethanolin the fuel

(which is composedf ethanolandair). The responseariableis the normalizedconcentratiorof

nitrogenoxide emissiongNO andNQ;). The datahave beenscaledto the unit square(which

improvescomputationastability).

The network wasfit usingthe MCMC algorithmdescribedn Chapter2 with 25,000burn-in
runsand100,000runsfor two, three,andfour-nodenetworks, with five repetitionsfor eachnumber
of nodes.Figure4.2 shaws the dataandtypical meanfitted functionsfor themodels(i.e., thefitted
valuesaveragedover all of the MCMC samples) The two andthree-nodditted functionsarevery
similar, and both appearto fit quite well. The four-nodefitted function displayssomepossible
overfitting for the smallervaluesof the equivalenceratio, indicatingvisually thatwe would prefer
atwo or three-nodemodel. Sincethefits appeaisosimilar, | expectthatthe variousapproximation
methodswill produceresultseitherpreferringthe two-nodemodel(for parsimon), or treatingthe
two andthree-nodenodelsapproximatelyequally Onemight expectthatthefour-nodemodelwill

not bepreferredo the smallermodelsbecaus®f the overfitting.

Ethanol Data

1.0

—— 2nodes
-~ 3 nodes
-- 4nodes

NOx
0.6 0.8

0.4

0.2

0.5 0.6 0.7 0.8 0.9 1.0
Equivalence Ratio

Figure4.2: AverageFitted Functions

Despitethefactthatthefitted curvesappeato fit verywell in all casesandthatthisis oneof the
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simplestpossiblecasesn thatthereis only oneinput variableandonly two to four hiddennodes,
theapproximatiommethodgyive vastly differentanswers Sincethe correctanswetis unknavn, we
cant compardheseresultsto the“true” value.However, we canatleastcompareahemto thevisual
resultsof Figure4.2.

Table4.1shavstheestimate®f thenormalizingconstantsisingLaplaceapproximatiorandRe-
ciprocallmportanceSampling(RIS) onthefull posterior(all parametersjandthevolume-corrected
versionsof thesetwo methods.Networks with two, three,andfour hiddennodesare shavn, and
therearefive repetitionsfor eachcombinationof humberof nodesand method. Also includedin
the last columnis the exponentiatedIC, which shoulddiffer from the other methodsonly by a
constanf(i.e. the ratios of modelsshouldbe equalfor the BIC andfor othermethods). As one
canclearly seefrom thetable, the variousmethodsdo not agreeat all. The Laplaceestimatesare
larger, especiallyfor the larger models. The BIC clearly picks out the two-nodemodel, while the
Laplacemethodsprefersthe four-node model, and the RIS gives roughly equalcredenceo the
threeandfour-nodemodels. Sincethe four-nodemodelseemsgo be overfitting, this is evidence
thatwe shouldeitherstick to the BIC, or thatall of thesemethodsarefailing. Onepossiblething
thatmaybe goingwronghereis thatoneof the parameteri the modelis thevarianceof theerror,
which hasa conditionalposteriodistribution which is inverse-gammayotnormal. This may cause
problemswith the samplingmethodshatexpectnormalposteriors.Anotherlikely sourceof error
is the irregularly shapectontours.As the parametersire highly correlatedthe posteriorsbecome
harderto approximatewith a normaldensity This problemis aggraatedasthe numberof nodes
increaseshencethe deterioratingperformanceof the Laplaceapproximation. Also notethatthe
non-BIC methodsare not very consistenticrossdifferentrepetitions, meaningthat they arevery
sensitve to the MCMC sample gspeciallyfor the larger models. The samplesizemay alsobetoo
smallfor goodperformancef thesemethods.

Table4.2 shawvs estimate®f the normalizingconstantdasedbn areducedyosterioy wherethe
outputcoeficientsandthe final varianceparametehave beenanalyticallyintegratedout. These
estimateshouldbebetterthanthosein theprevioustablebecaus¢herearefewer dimensiondeing
estimatedThemethodsncludedaretheLaplaceapproximationthereciprocaimportancesampler

(RIS), theimportancesample(Imp Samp),andthe bridgesampleraswell asthe volume-corrected
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Laplace | Laplace-VC RIS RIS-VC BIC
2.38e+36| 2.60e+37 | 1.81e+36| 9.03e+34| 1.24e+35
1.39e+35| 2.49e+35 | 1.75e+35| 8.77e+33| 1.14e+35
2 Nodes| 3.83e+35| 9.13e+35 | 4.74e+35| 2.37e+34| 1.35e+35
2.42e+35| 6.53e+35 | 2.88e+35| 1.44e+34| 1.37e+35
5.04e+36| 6.56e+36 | 9.49e+35| 4.75e+34| 1.33e+35
6.19e+44| 2.77e+44 | 2.82e+42| 1.41e+41| 1.72e+32
2.08e+46| 2.76e+46 | 8.13e+43| 4.06e+42| 4.29e+32
3 Nodes| 1.09e+47| 4.91e+46 | 3.36e+42| 1.68e+41| 1.55e+32
6.96e+45| 4.98e+45 | 4.20e+43| 2.10e+42| 6.86e+32
4.43e+45| 4.12e+45 | 5.79e+43| 2.90e+42| 3.83e+32
9.42e+47| 5.22e+47 | 3.23e+42| 1.62e+41| 7.05e+29
3.36e+48| 1.38e+49 | 4.23e+43| 2.11e+42| 2.08e+30
4 Nodes| 2.15e+55| 2.40e+55 | 4.99e+47| 2.50e+46| 3.18e+30
1.17e+44| 5.40e+44 | 1.49e+41| 7.44e+39| 5.29e+30
2.60e+47| 9.08e+48 | 7.16e+44| 3.58e+43| 1.04e+32
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Table4.1: NormalizingConstanEstimateBasedon the Full Posterior

versionsof thefirst three.Again, therearethreepossiblenumbersf hiddennodedor the network,
andfive repetitionsof eachcombinationof nodesandmethod.Thefive runsarethe sameasin the
previoustable,sotheresultsaredirectly comparablecrosghetwo tables.

In thistable,the methodgproducemuchmoresimilar results,andthey arealsomoreconsistent
for different MCMC runs (repetitions). The volume correctionplays a larger role in the larger
models,whereit appeargo shrinkthe estimates little. The Laplaceapproximationstill seemto
favor thefour-nodemodel,althoughnot by asmuchasbefore,andthe two-nodemodelis favored
over thethree-nodemodel. The reciprocalimportancesamplerestimategenerallypreferthe two-
nodemodel. The importancesamplerfavors the four-node model. The bridge samplesupports
eitherthetwo-nodemodel,or boththe two andfour-nodemodels,althoughit is not clearwhy this
mightbeso.

Sincethisis arealdatasetandthetrueansweiis notknown, it washopedthatthe BAYESFACK
software (GenzandKass,1997)would provide a “gold standard”.However this packages numer
ical integrationroutinesdid not seemto be ary morereliablethanthe abose methods.In fact, be-

causeheroutinessamplethe heightof thefunctionin aneighborhooaf themode but do nothave
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Laplace | Laplace-VC RIS RIS-VC | Imp Samp| Imp Samp-VC| Bridge

1.33e+38| 1.24e+39 | 8.01e+38| 4.28e+37| 4.43e+38 1.23e+39 | 9.32e+37
1.41e+38| 3.37e+38 | 3.80e+38| 2.33e+37| 7.05e+38 3.60e+38 1.83e+38
2Nodes| 1.26e+38| 1.61e+38 | 1.99e+38| 1.17e+37| 4.84e+38 1.69e+38 1.82e+38
1.32e+38| 3.19e+38 | 3.31e+38| 1.91e+37| 4.64e+38 3.40e+38 1.96e+38
2.91e+38| 6.97e+38 | 5.70e+38| 3.18e+37| 4.77e+38 6.40e+38 | 2.05e+38

1.47e+38| 1.67e+39 | 8.40e+37| 4.22e+36| 1.14e+39 3.65e+38 1.39e+35
1.49e+37| 6.59e+38 | 1.26e+38| 6.31e+36| 1.51e+38 8.73e+37 1.55e+35
3 Nodes| 1.31e+40| 4.35e+40 | 1.02e+39| 5.11e+37| 6.89e+39 1.92e+39 8.19e+36
1.75e+38| 2.29e+39 | 1.25e+38| 6.26e+36| 7.01e+38 2.26e+38 1.92e+35
1.94e+37| 1.69e+38 | 4.94e+36| 2.47e+35| 2.46e+38 2.80e+37 | 3.85e+35

9.44e+37| 1.06e+39 | 5.36e+36| 2.68e+35| 3.08e+40 3.70e+38 | 3.30e+36
1.02e+39| 4.34e+39 | 9.57e+37| 4.79e+36| 1.61le+41 2.08e+39 1.31e+37
4 Nodes| 3.43e+40| 3.40e+40 | 5.22e+37| 2.61e+36| 4.82e+41 3.68e+39 1.28e+38
1.79e+38| 2.37e+39 | 3.48e+37| 1.74e+36| 2.08e+41 4.50e+39 | 3.59e+36
2.77e+41] 6.77e+41 | 2.01e+40| 1.00e+39| 1.94e+42 1.60e+41 | 3.92e+38

Table4.2: NormalizingConstanEstimateBasedon the ReducedPosterior

the additionalinformation aboutthe contoursfrom an MCMC sample(e.g.,a posteriorvariance-
covariancematrixfor the parametersthey endup samplingpointsthatfall off of thepeaksecause
theshapeof the contourss soirregular Table4.3 shavstheresultsof six differentnumericaimeth-
odsin estimatinghe normalizingconstantusingthereducedposterior Of noteis thattheroutines
did not work at all for the four-nodemodel,becausehey alwaystried to evaluatethe posteriorat
pointstoo far off the peakgbecausé¢hey didn't samplealongthe contoursastheMCMC methods
did). The posteriorthenbecomesumericallyunstableand causeghe methodgo fail. This also
appeardo bethe casefor the stochastiaadial-sphericaimethodon the two-nodemodel. Evenfor
the casesvhereBAYESFACK did find a numericalanswey therewas considerablalisagreement
betweenthe methods especiallyfor the three-nodamodel. Thus, this packagewas not usefulin
establishinga standard.It hadasmuchtroubleasthe MCMC-basedmethodsin determiningthe
answer Sincel encounterethis muchtroublein this simplecase(onevariable two to four nodes),

| did notattemptto usethis packagen the next example.
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2 Nodes| 3 Nodes
Monte CarloIntegration 2.9e+40| 3.6e+45
Subrgjion Adaptive Integration | 3.5e+39| 5.9e+43
Mixed Spherical-Radial 1.9e+40| 2.5e+43
Gauss-Hermiténtegration 8.1e+39| 9.5e+41
Modified Gauss-Hermite 8.1e+39| 4.3e+46
StochastidRadial-Spherical NA 5.4e+43

Table4.3: NumericalEstimatesrom BAYESFACK

4.3.2 Simulated Data

The simple ethanoldataexampleof the previous sectionproducedfairly muddyresultsfrom the
variousapproximationmethods. To further comparethe methods,| useda simulateddatasetso
thatthe true answeris known. The dataconsistof 120 obserations. Therearefour explanatory
variables,uniformly distributed over the four-dimensionahypercube,andoneresponsevariable,

whichis afunctionof only thefirst two explanatoryvariablesplus somesmallrandomnoise:

1 1 1
Y = -
I +exp(6—18X1)  1+exp(12—18X1) | 1+ exp (15— 15X, — 15Xy)

—0.905 + e,
(4.17)

wheree ~ N(0,0.012). A graphof the surfacefor thefirst two explanatoryvariablesis shavn in
Figure4.3. Thegraphshavs thattherearetwo thingsgoingonin thedata.First, thereis a “bump”
alongthe X; axis,sothatY is higherfor X; valuesin the middle thanon the ends. Also in the
datais a “wave” thatstartsout with low Y valuesin thefront corner andrisesto highY valuesin
therearcorner sothatY increasesvith thesumof X; andX,. Thusthemodelcanbefit perfectly
(without the noise)with threehiddennodesandonly thefirst two explanatoryvariables.Notethat
interactionof X; and X, malkesit difficult to fit this modelwith a simpleadditive model.
Totestoutthenormalizingconstanapproximatiormethods| ranafull factorialdesign.Models
werefit with two, three,andfour hiddennodes(wherethreeis the correctnumber).Eachpossible
combinatiorof explanatoryvariablegfrom oneto four atatime) wasused,andeachapproximation
methodwasattemptedn eachcombinatiorof explanatoryvariablesandnodes.ln mary casesnu-

mericalproblemspreventedthe actualimplementatiorof the approximationsFor example whenl
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Figure4.3: SimulatedData

fit thenetwork usingonly oneof the noiseexplanatorywariablesandleft outthetwo importantvari-
ablesthefitted surfacewasflat, andthelikelihoodwasalsoflat. This leadsto a samplecovariance
matrix with mary nearzeroentrieswhich cannotbe inverted,at leastby standardnatrix software
(e.g.,IMSL). Sowhile the BIC wascomputedor all modelsthe otherapproximatiormethodsare
displayedfor only a subsebf the models,becausét wasnot possibleto useall of the approxima-
tion methodgor someof the modelsthatproducedavery poorfit. In practice thisis notaproblem
becausenumericalfailure canbeviewedasevidencethatthemodelis poor Thereis anothercase
in whichthecomputersometimegacesnumericalproblemswhenthemodelcontainamorehidden

nodeghannecessarySometimesuperfluousiodeswill turnoutto beduplicatesof othernodesn
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Variables 2 Nodes | 3Nodes 4 Nodes
1 3.38e-25| 1.63e-27 | 3.27e-30
2 4.61e-38| 4.31e-41 | 6.13e-44
3 1.38e-46 | 1.49e-49 | 1.70e-52
4 | 1.05e-45 | 3.22e-49 | 4.03e-51
1 2 2.74e+23| 2.77e+155| 3.14e+151
1 3 1.71e-26 | 3.37e-30 | 5.68e-33
1 4 | 5.29e-27 | 8.92e-31 | 1.10e-34
2 3 6.23e-39| 1.01e-42 | 5.47e-46
2 4| 9.60e-39| 1.91e-41 | 5.57e-46
3 4 | 1.06e-47 | 6.52e-52 | 4.21e-56
1 2 3 5.24e+21| 2.68e+152| 2.31e+147
1 2 4 | 3.36e+22| 3.17e+152| 4.94e+147
1 3 4 | 7.65e-29 | 6.45e-34 | 4.69e-38
2 3 4| 1.36e-40 | 2.16e-45 | 4.46e-50
1 2 3 4 | 6.09e+20| 2.75e+149| 1.81e+143
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Table4.4: BICsfor SimulatedData

thesensehatthey arelinearly dependenbn othernodesjf we think of thenodesasbasisfunctions,
thenasuperfluousodeis in thesubspacef thepreviousnodes Becausef thislineardependence,
we againfacenumericalproblemsin inverting matrices.Again, this is not a practicalproblem,in
thatthis modelwould beinferior to the onewithout the superfluousiode,sowe arenotlosingary
modelsof high posteriomprobability

As long aswe canfit the model,we cancomputethe BIC. Table4.4 shavs the BIC for each
of the modelsin this simulation. The columnsarethe numberof hiddennodes,andthe rows are
the combination®f explanatoryvariableswith the numbersndicatingthatthatvariableis present
(e.g. 124 meanghat X, X5, and X, wereincludedin the model,andthat X5 wasnot). The BIC
for the true modelis shavn in boldfacetype. The resultsin this tableare quite remarkable.The
BIC very clearly picks out the importantmodels—thoséhat include both X; and X5, andthose
with threeor four nodes.Two hiddennodesareclearlynotenough And for agivensetof variables,
thethree-nodenodelsdominatehefour-nodemodels shaving thatonly threenodesarenecessary
For the modelswhich do notincludeboth X; and X5, the BIC is extremelysmallanddecreases

asthenumberof hiddennodesincreasegwhich makessenseéecauseve areaddingnodeswithout
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Two HiddenNodes
Laplace | Laplace-VC| RIS RIS-VC
1 2 1.53e+25| 3.34e+25 0 2.27e+23
1 2 1.05e+29| 2.07e+28 1.64e+16| 2.06e+15
1 2 4| 1.47e+24| 1.35e+24 9.27e+22| 4.63e+21
1 2 3.62e+24| 1.43e+24 1.75e+22| 8.74e+20
ThreeHiddenNodes
Laplace Laplace-VC| RIS RIS-VC
1 2 5.70e+149| 4.69e+149 | 1.24e+147| 6.02e+145
1 2 3 4.62e+145| 5.33e+145 | 6.69e+141| 3.35e+140
1 2 4| 1.48e+146| 3.90e+146 | 1.97e+142 9.86e+140
1 2 3 4] 1.51e+138 3.41e+138 | 7.50e+132 3.75e+131
Four HiddenNodes
Laplace Laplace-VC| RIS RIS-VC
1 2 1.10e+159 6.56e+158 | 9.67e+154| 4.84e+153
1 2 3 1.07e+146| 7.97e+146 | 5.36e+139 2.68e+138
1 2 4| 4.32e+146| 3.56e+147 | 2.16e+140 1.08e+139
1 2 3 4] 6.73e+135 6.10e+136 | 2.98e+127| 1.49e+126

Table4.5: NormalizingConstanApproximationsfor SimulatedData

ary benefitin fit). The BIC hasdoneits job.
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Table4.5 shaws the normalizingconstanestimatesisingthe methodsbasedon thefull poste-

rior. Again,theestimategor thetruemodelareshavn in boldfacetype. Themethodsonly produced

estimatedor modelsincluding both X; and X5, asthe covariancematrix for the parametersvas

typically not invertible in the othercases. The threeand four-node modelsare clearly preferred

to the two-nodemodels,and the modelwith only two variablesis clearly preferredto the larger

models.Of noteis thatboththe Laplaceapproximatiorandthereciprocalimportancesamplegive

significantlyhigherposteriorprobability to the four-node two-variablemodelthanthethree-node,

two-variablemodel (which is the correctmodel). One possibleexplanationfor the confusionof

thesemethodsds theirregularcontoursof the posterior Usingthefull setof parametersneans lot

of highly correlatecobarameterandnon-normallyshapedtontours An upcomingtablewill present

approximationsasedon the reducedposterioy andthis simplerestimationproblemproves more

tractablefor the approximatiormethods.

Oneotheritem of noteis the zeroentryfor thereciprocalimportancesampleifor thetwo-node,
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Two HiddenNodes
Laplace | Lapl-VC | RIS RIS-VC | Imp Samp| I. S.-VC | Bridge
12 1.21e+28| 1.37e+28| 0.0157 1.91e+26| 1.55e+27 | 2.26e+27| 5.10e+08
123 | 1.89e+30| 3.21e+29| 6.16e+16| 5.44e+16| 1.26e+26 | 2.12e+26| 8.57e+10
124 | 1.10e+27| 8.88e+26| 5.85e+26| 2.93e+25| 6.10e+26 | 6.14e+26| 5.77e+26
1234 | 1.88e+27| 6.14e+26| 7.05e+25| 3.53e+24| 5.11e+25 | 4.03e+25| 1.68e+25
ThreeHiddenNodes
Laplace Lapl-vC RIS RIS-VC ImpSamp| I. S.-VC Bridge
12 1.14e+152| 1.17e+152| 1.24e+151| 6.18e+149| 7.31e+149 1.08e+150 3.72e+149
123 | 7.78e+147| 2.61e+148| 3.03e+146| 1.51e+145 5.37e+145| 1.42e+146| 4.95e+145
124 | 2.83e+148| 3.70e+148| 2.75e+146| 1.38e+145| 2.62e+146| 1.09e+146| 1.12e+146
1234 | 8.45e+141| 2.46e+142| 3.88e+138| 1.94e+137| 1.52e+142| 2.51e+142 3.64e+141
Four HiddenNodes
Laplace Lapl-vC RIS RIS-VC ImpSamp| I. S.-VC Bridge
12 6.03e+149 1.46e+151 7.29e+147| 3.65e+146| 1.25e+150| 7.27e+149| 1.41e+146
123 5.80e+141 1.02e+143 2.90e+138| 1.45e+137| 5.98e+145| 5.88e+143| 6.69e+141]
124 7.46e+141 5.19e+142 4.86e+137| 2.43e+136| 3.88e+145 3.52e+143| 1.09e+142
1234 5.97e+137 1.17e+139 1.49e+132| 7.45e+130| 3.60e+139 2.23e+139| 8.76e+128

Table4.6: NormalizingConstant#Approximationsor SimulatedData

two-variablemodel. Thisis anexampleof theinstability of this method asa problemin thetails of

thedistribution cancausecatastrophidailure of themethod.Thelocal (volume-correctedyersion,

however, eliminateghis tail problemandproducesinestimatecloserto the Laplaceestimates.

Table 4.6 shaws the normalizing constantestimatesusing the methodsbasedon the reduced

(partially analytically integrated)posterior Again, the smallesttwo-nodemodel presentssome

challengego the methodsandthereciprocalimportancesamplerdemonstrateis instability Also

notevorthyis thediscrepang betweerthebridgesamplerestimateandtheotherestimatesOverall,

the methodsshawv a significantdisagreemenaboutthe value of the normalizing constantfor a

particularmodel. However, they do generallyagreethat, for a given numberof nodes,the only

two importantvariablesare X; and X,. And they agreethatthreeis theright numberof nodesin

thattwo nodesareclearlyinsuficient, while four nodesdo not significantlyimprove thefit. In this

senseall of themethodsdo find the correctanswer
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4.4 Discussion

While all of themethodgerformedwell in therelatively straightforvard conditionsof thesimulated
data(Section4.3.2),thereis a breakdavn in the consensusn the simplereal dataexample(the
ethanolataof Sectiord.3.1).1t is notclearwhy thevariousMCMC-basedapproximationperform
sodifferentlyfrom the BIC in this very simpleexample.l hadexpectedhatusingalarge (100,000)
MCMC samplefrom the posterioralongwith one of the abore methodswould producea better
estimateof the normalizingconstantthanthe BIC. While most methodshave theoreticalresults
shawing thatthey are asymptoticallybetterapproximationghanthe BIC, this is asymptoticwith
respecto thesamplesize,soit maybethatthesamplesn this chapterarenotlarge enoughfor the
asymptoticgo hold. In this casethe BIC maybe a moreusefulapproximatiorfor standardgample
sizes.Furthermorethe BIC only requirescomputatiorof the maximumlikelihood, ratherthanan
MCMC samplefrom the posterior In this sensetheBIC is botheasierto computeandmorestable,
in thatwe are eliminatingthe additionalvariability inducedby the MCMC sample.Henceforth)|
will usethe BIC for all modelselectiorandmodelaveragingpurposes.

It is not clearthatary of the methodsare gettingthe correctanswer The multimodality and
theirregularity of the posteriorcontoursappearto causeproblemsfor all of the methods.Of the
availablemethodsthe BIC seemdestableto dealwith theseproblems.

Note thatevenif anapproximatiormethodestimateghe normalizingconstanipoorly, it may
still be useful for model selection,aslong asthe rank order of the estimatesf the normalizing
constanfarecorrect.In the casewherethe orderof two modelsis incorrect,it is still acceptabléo
usethe methodif thetwo incorrectlyorderedmodelsgive very similar predictions. Thuswe can

still do modelselectionevenif we have difficultiesestimatinghe normalizingconstant.



Chapter 5

Model Selectionand Model Averaging

5.1 Overview

5.1.1 Model Selection

Whenusingneuralnetworksfor nonparametricegressionwe arefacedwith two relatedproblems
of modelselection: we needto choosethe subsetof the explanatoryvariablesto includein the
model,andwe needto choosethe numberof hiddennodesto usein the model. Thesechoicesare
importantbecauseas we include more variablesand/ormore hiddennodes,the fit will improve.
However, at somepoint, addingmorevariablesor nodeswill resultin overfitting: thefit will be
betterfor the obsered data, but will resultin worsepredictve performanceon otherdata. The
variancefor predictionis a sumof two componentsthe squareof the bias(errorbetweerthefitted
regressiorfunctionandthetrueregressiorfunction)andthevarianceof themodel. As we addmore
variablesor nodes the biasdecreasedyut the varianceincreases.Thuswe needto find the right
trade-of betweerreducingvarianceandreducingbias.

The approachof modelselectioninvolves picking a single bestmodel. Philosophically this
might arisebecaus@nefeelsthatthereis a singletrue underlyingmodel,andthe goal of the data
analysidis to identify thatmodel. In someareasof applicationsthis approachmay bejustified. In
otherareaspnemay doubtthat an analystcould ever find the exacttrue model;for example,one

couldnever measureveryrelevantvariableandincludeall of themin thedatasetHowever, we still

82



CHAPTERS5. MODEL SELECTIONAND MODEL AVERAGING 83

mightdo modelselectionin orderto find the closestapproximatiorto thetrue model. For practical
purposeswe may not needthe exact true model, but we canfind a modelusingour datathat we
feelis sufficiently closeto this truemodel.

In the Bayesiarframenork, the problemof modelselectioris straightforvard. Oneneedmerely
put a prior over the spaceof models,thencomputethe posteriorprobabilitiesof all of the models
andchoosehemodelwith highestposteriomprobability Supposeve arecomparingasetof models
M; for explainingthedata,Y. Denotethe prior probability of modeli by P(M;) andits posterior
probabilityby P(M;|Y’). Bayes'Theoremstateghat:

P(Y|M;)P(M;)
POLRY) = b PO;) G

wherethe sumis over all models. Conceptuallythis processs very simple. In practice theterm
P(D|M;) involvesmamginalizingover the parameterén the model. For a neuralnetwork, thisis an
analyticallyintractableintegral. Methodsfor estimatingthis integral werereviewed in Chapter4.
In thatchapterl concludedhatthe BIC (BayesiarinformationCriterion)(Schwarz,1978)maybe

themostreliableway of estimatingthis quantity Recallthatthe BIC for model M; is definedas
1
BICl = Li - §pi log n, (52)

where L; is the maximumof the log-likelihood, n is the samplesize, and p; is the numberof
parametergn modelM;. For the prior overthe spaceof models,| usethe noninformatve prior that
putsequalmasson eachmodel,i.e. P(M;) = P(M;) for all i andj. TheBIC approximatiorthen
becomes

P(Y|M;) eBICi
> P(YIM;) ~ 32, ePIG

Notethatthe Bayesiarapproactautomaticallytakescareof the balancebetweerimproving fit and

P(M;]Y) = (5.3)

not overfitting, becausaddingadditionalvariablesor nodesthatdo not suficiently improve thefit
will dilutetheposteriofy causingalower posteriomprobabilityfor themodel. This approachin addi-
tion to beingconceptuallystraightforvard, alsohastheadwantagehatit canbe usedsimultaneously
on boththe problemof choosinga subsebf explanatoryvariablesandon the problemof choosing

the numberof hiddennodesfor thenetwork. Furthermorein mary casesthe BIC hasbeenshavn
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to beasymptoticallyconsistenfor choosingthetrue model. While this hashot yet beenshavn for
neuralnetworks, Keribin (1997) hasrecentlyshavn it to be true for mixture models,which have
somesimilaritiesto neuralnetworks. Soit seemsplausiblethatit would betruefor neuralnetworks
aswell. Becausef all of the advantagedistedabore, | usethis approachin therestof thethesis.
For completeness,shallnow review somealternatve approaches.

An alternatve Bayesian-motiatedapproaclis AutomaticRelezanceDetectionARD) (MacKay
1994:;Neal,1996). ARD utilizes an additionallayer of hyperparametelis the model,whereeach
explanatoryvariablehasanassociatethyperparametethatrelatesto the magnitudeof the parame-
tersassociatedvith thatexplanatoryvariable. A prior is placedover the hyperparametergndthe
full posteriorfor the modelis computed. If ary of the variablehyperparameterairnsout to be
small, it indicatesthat that variablehaslittle effect on the model,andcould be dropped. A vari-
ablewith alargereffect would necessariljhave a larger associatethyperparameteiherearetwo
major dravbacksto this approach.First, one needsto decidehow large is large, andhow small
a hyperparametewould have to bein orderto causethe variableto be droppedfrom the model.
Secondpneneeddo specifyaprior for thehyperparameterandthe choiceof prior is linkedto the
determinatiorof “large” for a hyperparameter

Therearemary methoddor modelselectionalthoughthey tendto treattheproblemof selecting
explanatoryvariablesandthe problemof choosinghesizeof thenetwork astwo separat@roblems,
ratherthandealingwith themsimultaneouslyThetwo maintypesof methoddor variableselection
are cross-alidation methodsand likelihood-basedtriteria. A major dravback of mary of these
methodsds thatthey werelargely developedasad hoc methodsanddo not give a soundtheoreti-
cal justificationfor why they would work. Sometheoreticalresultshave beenproven aboutthese
methodsalthoughthey generallydo tendto overfit themodel.

Cross-alidation (Stone,1974)dividesthe datainto equally-sizedins (sometimesassmall as
oneobsenation perbin). Themodelsunderconsideratiorarethenfit usingall but onebin of data,
andtheerrorontheexcludedbin undereachof themodelsis computed.This processs repeatedor
all of the bins, andthe modelwith the smallestsumof squarecerrorsis chosemasthe bestmodel.
It is hopedthatby leaving out a partof thedata,onecangetsomemeasuref the predictive powver

of themodel,thusreducingthetendeng to overfit. Extensiongo theideaof cross-alidationhave
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producedalargefamily of relatedmethodsIn somespecificcasesgross-alidationhasbeenshavn
to beasymptoticallyoptimal (Stone ,1982),althoughit tendsto overfit in practice.

TheBIC, discussectarlier(Equation(5.2)),is alikelihood-basednethod.Anotherlikelihood-
basedmethodis the AIC (Akaike Information Criterion). The AIC (Akaike, 1974)is simply the
maximumof thelog-likelihood minusthe numberof parameterin the model. The modelwith the
largestAlC is deemedbest. Thus,it attemptdo balanceanimprovementin fit (measuredvith the
log-likelihood) with the size of the model. Comparedo the BIC, the AIC hasa smallerpenalty
for modelsize. The BIC hasa Bayesiarmotivation,in thatit is anapproximatiorto thelog of the
Bayesfactorfor comparingthat modelto the null model. In mary classe®f models,the BIC has
beenshavn to beasymptoticallyconsistenfor choosinghetrue model(if oneassumesghatsucha
thing exists),andthis impliesthatthe AIC mustbe overfitting, sinceit usesa smallerpenalty

Frequentistapproachesor selectingthe numberof hiddennodesinclude the methodslisted
above for modelselectioraswell asa shrinkage-baseapproacttalledweightdecay Weightdecay
involvesanadditionalparametemhichtranslatesnto a penaltytermassociate@vith thesizeof the
weights. This penaltyis addedinto the least-squaresrrortermandthis sumis thenminimizedto
find thebestmodel. Theideais for theunnecessarweightsto be shrunktowardszero,sothatthese

extrahiddennodescanberemored.

5.1.2 Model Averaging

An alternatve to selectinga singlemodelis modelaveraging(Leamey 1978;RafteryandMadigan,
1994). Onemight be moreinterestedn optimizing predictionthanin finding a singlebestmodel.
Oronemightnotsubscribeo ary of the philosophicahrgumentdor usinga singlemodel,andmay
justwantto try to useasfull amodelaspossible Usingasinglemodelmayunderstatéheprediction
error, in thatthe uncertaintyassociateavith choosinghatmodelis notincludedin thefinal model.
Modelaveragingusesaweightedaverageof all of themodelsto find predictedvalues.Thetermsin

theaverageareweightedby their posteriorprobabilities.Let y betheresponseariable,D thedata,
andM; themodelsof interestfor : € Z. Thenthe posteriompredictve distribution of y is

P(y|D) =Y P(y|D, M;)P(M;| D), (5.4)
i€l
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where P(y|D, M;) is the maginal posteriorpredictve densitygiven a particularmodel (with all
otherparameterintegratedout), and P(M;| D) is the posteriorprobability of modelsi.

Whenmore thanone modelhasa relatively high posteriorprobability it is advantageoudo
usemodelaveragingfor predictionratherthansimply usingthe single bestmodelfor prediction.
Someexamplesof modelaveragingresultingin dramaticdecreasem predictionerrorsaregivenin
Rafteryetal. (1997). Model averagingcanalsohelpwhenmodelswith high posteriorprobability
give conflicting advice,warningthe userthat the uncertaintyassociateavith thosepredictionsis
muchlargerthanonemightexpectif only asinglemodelwereused.Raftery(1996)givesamedical
examplewherethe predictionsvary greatly betweentwo modelswhich both have similarly high
posteriomprobability

While modelaveragingfits naturallyinto the Bayesiarframework, it is harderto developa Fre-
guentistanalog.Someattemptgo accounfor modeluncertaintywithout the Bayesiarframevork
includebagging(Breiman,1994)andbumping(TibshiraniandKnight, 1995). Both of thesemeth-
odsusebootstrapsamplef the original datato try to dealwith the uncertaintyin the selectionof
thefinal modelusedfor prediction.

Onedravbackof themodelaveragingapproachs thatthefinal “model” is anaverageof multi-
ple models.Theresultof modelaveragingcanbedifficult to interpret,sinceit is notasinglemodel.
In the casewherethe ability to interpretthe final modelis important,modelaveragingshouldnot
be used.In practice neuralnetworks arenormally difficult to interpreton their own, sothisis not

muchof aconcernn the context of this thesis.

5.1.3 Searching the Model Space

The abore methodsfor model selectionand model averagingassumethat one can computethe
posteriorprobabilitiesfor all of the modelsof interest. In practice,the spaceof possiblemodels
maybetoolargeto do acompleteenumeratiorof all of themodels.For example for p explanatory
variablesthereare2P possiblesubset®f variableghatcould be usedfor regressionnow multiply
by the numberof hiddennodesthat one might wantto considerto get an even larger numberof
modelsover which onewould needto find all of thefitted modelsandposteriorprobabilities.This

is typically not feasiblefor a complicatednodellike a neuralnetwork wherefitting a singlemodel



CHAPTERS5. MODEL SELECTIONAND MODEL AVERAGING 87

maytake sometime. Thusthereis a needfor anautomatedechniqueto searchthroughthe model
space.

Two traditional searchmethodsare stepwiseregressionand Leapsand Bounds(Furnival and
Wilson, 1974).1n thenext section] will describeanimplementatiorof a stepwisealgorithm.Some
BayesiammethodsareOccams Window (RafteryandMadigan,1994),Markov ChainMonte Carlo
Model Composition(Rafteryet al., 1997),and a relatedtechnique BayesianRandomSearching
(Lee,1996),all of which | will describan latersections.TheseBayesiarmethodsall useapproxi-
mationsto Bayesfactorsfor moving betweermodelsin the searchspace.

A final noteaboutsearchinghemodelspaceneedgo bemadein thecontext of neuralnetworks.
In mary statisticalapplicationspnecanfit themodelwith reasonableonfidencde.g.linearregres-
sion). However, fitting aneuralnetwork, in eitherafrequentisor Bayesiarframeavork, involvesthe
useof aniterative algorithmwhich couldfind alocal maximumratherthana globalmaximum.One
maywantto keepin mind thata modelvisitedduringa searchalgorithmmay not necessarilpefit

correctly

5.1.4 Fitting the Models

In the implementation®f all of the searchstratgjies, | usethe BIC asthe criterion for moving
betweenmodels. Thus| do not needto take a fully Bayesianapproachat this stepand do not
needto useMCMC to find the posteriorsfor eachof the modelsunderconsideration.Instead,|
can use standardnumericalmaximizationmethodsto find the maximumlikelihood estimateof
the parameterand usethoseto find the BIC. This saresmuchtime in computationandgiven a
goodalgorithmfor finding the MLES, couldbe morereliablethandependingn corvergenceof an
MCMC run.

I have implementedn SAS, usingthe macrolanguagefacilities, all of the searchstratgies|
describebelon. Thecoreof theprogramds codefrom Sarle(1994),of the SAS Institute, thatuses
proc NLP to find the maximumlikelihoodestimate®f the parameterin a neuralnetwork. These
estimatesreall thatis necessaryo computethe BIC.

Oncea subsetof modelwith high posteriorprobability is found and thoseprobabilitiesare

calculated(or estimated)a morefully Bayesiamapproachwould thencall for eachmodelof high



CHAPTERS5. MODEL SELECTIONAND MODEL AVERAGING 88

probabilityto befit usingMCMC sothatonecanfind the posteriordistribution of the parameters,
conditionalonthatmodel. Thesefull posteriordhencanbeusedfor prediction eitherfrom asingle

modelor from anaverageof models.

5.2 StepwiseAlgorithm

Stepwisealgorithmsfor finding a bestmodelhave existedin the linear modelliteraturefor some
time. Thebasicideais to move throughthe modelspaceby taking stepsconsistingof addingor
deletinga singlevariable. At eachstep,the processcanbe moving forward (addingvariables)or
backward (removing variables).A greedyalgorithmpicksthe singlebestvariableto add(remove)
at eachstepby maximizingsomecriterion over the possiblemodelsthatwould resultfrom adding
(remaoving) a variable. The algorithmcontinuesmoving in the samedirectionuntil no morevari-
ablescanbeadded(remaoved). Thealgorithmthenreversedirectionandattemptgo remove (add)
variables.Thiscontinueantil thealgorithmswitchedirectionsin two consecutie stepsjndicating
thatno bettermodelsareonestepaway from thecurrentmodel,or from ary previousmodelvisited,
andsothealgorithmends.

| have implementeda stepwisealgorithmin SAS.| usethe BIC asthe criterion for maving
betweenmodels,only moving to modelswith a larger BIC. | alsoconsideradding(remwing) a

hiddennodeinsteadof addinganotherexplanatoryariable. The basicalgorithmis asfollows:

1. Findthefit andBIC for the startingmodel(typically the null modelwith no parameterspr a

modelwith all of the parameters).
2. Generateandidatenodels:

(a) If moving forward, fit all of themodelswith onemoreparametethanthecurrentmodel,
aswell asthemodelwith onemorehiddennodethanthe currentmodel.
(b) If moving backward, fit all of the modelswith one fewer parametethanthe current

model,aswell asthe modelwith onefewer hiddennodethanthecurrentmodel.

3. Computethe BICsfor eachof thesecandidatenodels.If ary of thecandidatefiasaBIC that
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is largerthanthe BIC of the currentmodel,thenchoosehe candidatanodelwith thelargest

BIC andmake thatthenew currentmodel.

4. If abettercandidatenodelwasfound,thenreturnto step2 andcontinuemoving in the same

direction.

5. If abettercandidatanodelwasnot found (all candidatemodelshadsmallerBICs thanthe

currentmodel),thenreturnto step2, but switchdirections.

6. If thedirectionis switchedin two consecutie passesthenno bettermodelsexist with either

onemoreor onefewer variableor node,soterminatethealgorithm.

Stepwisealgorithmsare admittedlyad hoc and may not find the modelwith highestposterior
probability However, they oftenwork well in practice,andarerelatively simpleto implement,so
they areworthtrying. They tendto runinto troublewhenthe effectsof variablesarecorrelatedso
thatanimportantinteractionbetweenwo variablesmay not be found whenthe algorithmis only
allowedto movein stepsof onevariableatatime.

Oncethe stepwisealgorithmhasbeenrun, the usernow hasa subsebf modelsthathopefully
includesall of the modelswith the highestposteriorprobabilities.If oneis doingmodelselection,
thenthefinal modelof thestepwisesearchwill beconsideredhebestmodel.If oneis doingmodel
averagingthentheposterioprobabilitiesof themodelsin thesubsetrecalculatedusingthe BICs.
In eithercasea morefully Bayesiamanalysiswould thenuseMCMC to find the posteriorfor the
parametersf eachof the modelsof high posteriomprobability

In practice,l have foundthata particularrun of the stepwisealgorithmwill find only a local
maximumfor oneof themodels,andsoit maygetstuckin a sub-optimaimodel. Sincethis results
from thefitting algorithmbeingstuckin alocal maximum,ratherthanin atrue local maximumof
the BIC, | usuallyfit eachcandidatemodelfive times,andusethe fit with the highestBIC asthe

candidaten the stepwisealgorithm.
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5.3 Occam’'sWindow

Occams Window (RafteryandMadigan,1994)narravs the modelspaceby only keepingmodels
with high posteriorprobabilityin the setof modelsunderconsiderationin addition,the algorithm
emplg/stheprincipleof Occams Razor in thatif two modelshave equalposteriomprobability then
the simplermodelis to be preferredto the larger model. Thesetwo ideasform the basisof the
algorithm.

Thedetailsof which modelsarekeptunderconsideratiorandwhich modelsareexcludedfrom

thefinal setof modelsare:

1. Excludefrom consideratiorary modelwith posteriorprobabilitylessthan1/c timesthatof
the modelwith highestposteriorprobability ¢ = 20 is suggestedsa guideline,which is

comparedo the standard.05cutof for ap-value.

2. Whencomparingsubmodel®f the currentmodel,excludeall submodel®f any submodels

which have beenexcludedby thefirst rule.

3. Whencomparingsupermodel®f the currentmodel, excludeall supermodel®f ary super

modelswhich do not have higherposteriomprobabilitythanthe currentmodel.

Note that the log of the ratio of posteriorprobabilitiescan be approximatedoy a differenceof
BICs. Secondnotethatstrongerevidenceis requiredio excludea smallermodelthanis requiredto
excludealargermodel. This asymmetryis dueto the applicationof Occams$ Razor

Thealgorithmis run asa pair of algorithms,oncein anupwarddirection,oncein a dovnward
direction. Thesedirectionscanbe donein eitherorder sothatonecanstartwith a small (or null)
model,grow thatmodelwith the up algorithmto geta setof modelsunderconsiderationthenrun
thedown algorithmon eachof the modelsfoundfrom the up algorithmto getafinal setof models.
Or thealgorithmcould startwith alarge modelon which the down algorithmis run. The subsebf
modelsfoundby thedown algorithmwould thenbefed into the up algorithmto find thefinal setof
modelswith high posteriomprobability

This algorithmhasa similar problemto the stepwisealgorithm,in thatwhena candidatenodel

is consideredpne doesnot know if the MLE hasbeenaccuratelyfound, or if the maximization
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algorithmhasmerelyfound a local maximum. So| alsorecommenditting eachcandidatenodel

multiple times(l usefive) andusingthefit with the bestBIC whendecidedf the modelshouldbe

keptor excluded.

5.4 Mark ov Chain Monte Carlo Model Composition

TheideabehindMarkov ChainMonte CarloModel CompositionMC?) (Rafteryetal., 1997)is to
createa Markov Chainwith statespacesqualto the setof modelsunderconsideratiorandequilib-
rium distribution equalto the posteriorprobabilitiesof the models. Thusif we simulatethis chain,
the proportionof time thatthe chainspendsrisiting eachmodelis a simulation-consisterdgstimate
of the posteriorprobability of that model. To createsucha chain, let the transitionprobabilities

betweerntwo modelsbe asfollows:

1. The probability of moving from the currentmodelto a modelwhich differs by two or more
parametergdiffering by inclusionor exclusion)is zero.

2. The probability of moving from the currentmodelto onewhich differs by exactly onevari-
ableor node(eitheronemoreor oneless)is % min{1, %M'"DD))}, wherer is the numberof
parameterdeingconsideredi.e., the dimensionof the searctspace) Pr(M'| D) is the pos-
terior probability of the modelbeingmovedto, and Pr(M | D) is the posteriordistribution of

themodelbeingmovedfrom.

3. Otherwisethechainstaysin its currentstate.

In myimplementatiorin SAS,| usetheBIC to approximatehemodelposterioprobabilities.When
fitting the candidatanodel, | first fit is asif | have notdonesobefore.l thencomparethe BIC for
thisfit to all previoustimesthis modelhasbeerfit, andusethelargestBIC overall timesthis model
hasbeenfit.

This algorithmhasa featurewhichis potentiallybotha dravbackanda benefit:it mayvisit the
samemodelrepeatedlyandit will fit the modelasif it hadnot beenvisited before. On onehand,
thisis adravback,becausé maybeawasteof computingpower to re-computehe modelafterit

hasalreadybeenfit before. On the otherhand,whendealingwith iterative fitting algorithmsthat
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might not find the optimalfit every time, MC? hasa chanceo find a betterfit on a secondvisit, so
it is moretolerantof fitting difficulties. In thisway; it partly avoidsthe optimalfit problemfacedby

the stepwiseandOccams Window algorithms.

5.5 BayesianRandom Searching

While MC? may be simulation-consistentherehave not beenary studiesdoneon how long the
simulationneeddo runin orderto reachits equilibriumstate.Furthermorethe BICs of themodels
visitedarecomputedbut notuseddirectlyin thefinal estimatiorof posteriomprobabilities.At some
level, it seemavastefulto throw thisinformationaway andrely solelyon the steadystateproperties
of thechain. Instead pnecould usethe sameMarkov Chainsimulation,but keepa recordof all of
the BICs for the modelsvisited. To getthe posteriomprobability of eachmodel,onewould just use
theBIC if themodelwasvisited,andexcludethemodelif it wasnotvisited. In practice thismaybe
moreaccurateahanMC? becausét doesnotrely on ary of the steadystatepropertiesof the chain.
The chainis merelyusedasa mechanisnfor effectively searchinghroughthe large modelspace,
hopefullyfinding all of the modelswith high posteriomprobability | usedthis methodsuccessfully
in anearlierwork (Lee, 1996),andshallreferto it asBayesianRandomSearching BARS). This
approachs similar to thatof Chipman,Geoge,andMcCulloch (1998)in theirimplementatiorof
BayesianCART.

In practice, BARS seemgo work well becauset retainsthe advantagef the MCMC-based
searchingwithout relying on asymptoticapproximationgo the posteriorprobabilities. We getthe
BIC directly, andwe have multiple chancedo fit the models.Thesemultiple visits helpensurehat
we canfind the optimalfits of theindividual modelsandarefairly comparinghe models.

Note that BARS is applicableto a wide variety of problems,andis not just limited to neural
network problems. The ideaof searchinghe modelspaceusinga Markov Chainwith transition
probabilitiesbasedon the BICs of the modelscould be appliedto mary other model selection

problems.
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5.6 Alternative Approaches

I amnotcurrentlyawareof ary alternatve methodghatsearchthemodelspaceoverbothsubset®f
explanatoryvariablesandover networkswith differentnumbersf hiddennodes. should however,
mentiontwo approachethataddresst leastpartsof theproblem.

MacKay (1994)andNeal (1996)useAutomaticRelevanceDetectionasa substitutefor model
averagingover the spaceof subset®f explanatoryvariables.However, they do not fully integrate
this with an attemptto computethe posteriorprobabilitiesof modelswith different numbersof
hiddennodes. While MacKay doesusea Gaussiarapproximationfor the normalizingconstants
(which he calls the “evidence”), he also setsasidepart of the dataas a test set, and trains the
network on the remainingdata. He thenfinds the error on the testset,and canchoosethe model
with the numberof nodesthat minimizesthe error on the testset. Neal adwocatesusinga large
numberof hiddennodesandnot doing ary modelselectionover the numberof nodes.He asserts
thatwhenusing MCMC to fit the model,the chainwill mix muchbetterif thereare morenodes
thantheminimumnecessarjor a decenfit. He proposeghoosinga prior thatwill ensuresnough
shrinkageto a smootherfunction, so thatthe modeldoesnot overfit the data. This approachalso
avoidsary attemptto estimateposteriomprobabilitiesof models.

Muller andRios Insua(1998a)usea reversible-jumpmechanismin their MCMC to move over
the spaceof modelswith differentnumbersof hiddennodes. The reversible-jumpchaindoesdi-
rectly give estimatesf the probabilitiesof the models,andit hasthe advantageof beingan au-
tomatedmethodof searchinghe space.However, they do not addresghe issueof selectingover
subset®f explanatoryvariables.l have donesomeexperimentatiorwith reversible-jumpmethods,
but I have foundit very difficult to getthe chainto mix betweemmodels.Sincethe parameterare
all highly correlatedwith eachother addingor removing a hiddennodecandrasticallyaffect all
of the otherparametersThis canmale it difficult to generatea candidatanodelwith ary realistic
chanceof beingacceptedn the Metropolisstep. This problembecomesven moredifficult for the

caseof moving betweerexplanatoryvariables.
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Nodes| BIC PosterioProbability
2 81.0 0.596
3 80.3 0.291
4 79.2 0.096
5 77.4 0.017
6 70.8 2.4e-5
7 67.3 6.9e-7
8 66.2 2.3e-7

Table5.1: BICsfor EthanolDatafrom BARS

5.7 Examples

5.7.1 Ethanol Data

| tried eachof the abore searchmethodson the ethanoldata(Brinkman,1981)that! introducedn
Chapter4. This datasetontainsonly oneexplanatoryvariable,but it is not clearwhatthe optimal
numberof hiddennodesis. In Chapter4, the BIC calledfor usingonly two hiddennodes.Now |
testthesearchmethodf thischapteonthis datasetio seeif they all cometo thesameconclusion.
Themethodsll agreedhatthetwo-nodemodelis themodelwith highestposteriorprobability
andcouldfind this modelwhetherthey werestartedwith a smallor large numberof hiddennodes.
| will useBARS asthestandardasit seemgo have the bestperformanceThe BICs of themodels
visited andthe associate@stimatedposteriorprobabilitiesareshavn in Table5.7.1. Notethatthe
estimatesn this tablearefrom onerun of the BARS algorithm. Becausehe neuralnetwork is fit
with aniterative procedureérom a randomstartingposition,it is possiblethata differentfit would
befoundwith adifferentstart,andsothefitting algorithmalsomayhave alocal minimumproblem.
Thus,arepeabf thisanalysismayresultin slightly differentBIC valuesfor themodelsin thetable.
Thisfitting problemis anargumentin favor of the MCMC-basednethodsjn thatthey canbetold
to re-fit themodeleachtime it is consideredandthis may helpfind the bestfit of eachmodel.
Figure 5.1 shaws the fitted function from model averagingusing the probabilitiesfrom Ta-
ble5.7.1. TheBayesiarframeavork allows directestimate®f theuncertaintyin thefit. In thefigure,

thedarkline is thefittted function,andthedashedinesareconfidencdands . Theconfidencédands
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Equivalence Ratio

Figure5.1: Fitted FunctionandConfidenceBandsfrom Model Averagingfor the EthanolData

werecreatedby finding, for eachobsered datapoint, anintenal (with respecto the y-axis) with
95% posteriompredictize probability andconnectinghe endpointof thesentenals with acune.

BARS found that the two-nodemodelhasover half of the posteriorprobability It alsofound
thatthe three-nodeanodelhasaboutthree-tenth®f the posteriorprobability which is higherthan
wasfoundin the previous chapteron normalizingconstantsit nov appearshatthefitted valuesin
Chapterd wereonly from alocal maximumin thelikelihood. However, thetwo-nodemodelis still
thedominantmodel. The posteriomprobabilitiesof the modelsdecreasavith the sizeof themodel.

MC? (usingthe sameMarkov ChainasBARS) foundthatthe two-nodemodelwasthe highest
posteriorprobability model, spending53% of its time on that model. It estimatedhe posterior
probability of the three-nodemodelas 29.1% and that of the four-node modelas 13.6%. Soit
appearshatMC? andBARS give similar resultsfor this dataset.

Thestepwisealgorithmwouldtypically find themaximumBIC for thetwo-nodemodel.In most
casesit wouldfind thatthethree-nodenodelwasthesecond-bestodel,but it wouldnotfind aBIC
ashighasthe80.3foundby BARS. It typically foundaBIC of 78.8,whichis directly comparablé¢o
thevaluesin Chapterd. Thusit appearshatit is difficult to find the slightly higherBIC modelthat
BARS did managedo find. As aresult,stepwisevould normally estimatethe posteriorprobability
of thetwo-nodemodelto bemuchcloserto one.

Occams Window excludesthe three-nodemodel from considerationpecausehe two-node
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modelis bothmoreparsimoniousindhasa higherBIC. Thusit doesnotmatterto Occams Window
whetherit findsthe optimal or the close-to-optimathree-nodemodel,becauséoth areexcluded.
Theresultof runningOccams Window is thatthetwo-nodemodelis the only onereturned.

| shouldpoint out that, in runningthe algorithmsa numberof times on this samedataset|
sometimegoundthatboththe stepwiseandOccams Window proceduresvould getstuckin local
maxima.In particulay fitting the four-nodemodelcausedomedifficulties, sothatif | startedhese
algorithmson alargermodel,sometimeshey wouldfind thatthefive-nodemodelwassignificantly
betterthanthefour-nodemodel,only becausdé hasmoretroublefitting the four-nodemodel.As a
result,they would returnthefive-nodemodelasthe modelwith highestposteriomprobability

Thisinnocent-lookingsxamplehasonly oneexplanatoryariableandapparentlyonly needgwo
hiddennodes.However, it hasmanagedo causequite a numberof problems,in boththe current
chapter(local maximain the BIC) andin the previous chapter(estimatingnormalizingconstants).
It doesunderscorehe importanceof choosinga goodstartingmodelfor the searchalgorithms,of
fitting modelsmultiple timesto betterensureoptimalfitting, andof runningthemmultiple times

from differentstartingpositionsto ensureadequatexplorationof themodelspace.

5.7.2 Simulated Data

The simulateddatathat | introducedin Chapter4 provides a handytest set, becausaeve know
the right answer The datasetontainsfour explanatoryvariables,of which only the first two are
relevant. Thetrueregressiorfunctionuseshreehiddennodes.Thetestis to seeif searchstratgies
canall find thetruefunctionasthe modelof highestposteriomprobability

The resultswere similar to that of the ethanoldata. For startingpointsnot too far from the
true model,all of the searchmethodsfound the true modelto be the only onewith high posterior
probability TheBIC of thethree-nodenodelwith thefirst two explanatoryvariablesis 359, while
that of eitherthe four-nodemodelwith thefirst two variablesis 357, andthat of eitherthree-node
modelwith thefirst two variablesandoneof thesecondwo is 352. All otherBICsareevensmaller
Theseresultsarefairly consistentaicrossall of the searchalgorithmsfor ary reasonablehoiceof
startingmodel. Occams Window returnsthe two-variable, three-nodemodel as the only model

worth consideringoecausdt is asubmodebf all of the otherreasonablgoodmodels.
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5.7.3 Robot Arm Data

A datasetcommonlyusedin Bayesianneuralnetwork papersis the robot arm dataof MacKay
(1992). The ideaof the datais to modelthe relationshipbetweenhe two joint anglesof the arm
(z1 andz9) andtheresultingarmpositionin Cartesiarcoordinategdenotedoy y; andys). In this
case the datawereactuallysimulatedfrom the true functionsand Gaussiamoisewasadded.The

truemodelis

y1 = 2.0cos(z1) + 1.3cos(z1 + z2) + €1 (5.5)

yo = 2.0sin(z1) + 1.3sin(z1 + z2) + €2, (5.6)
whereg; i N(0,0.05%). Thevaluesfor z; wereoriginally generatediniformly from theintenals
[—1.932,—0.453] and[+0.453, +1.932], andthevaluesfor z» weregeneratedndependentljrom
auniformon [0.534, 3.142].

The dataaredivided into two groups:a training setof 200 obserations,anda testsetof 200
obserations. The modelsarefit usingonly thefirst 200 obserations,andthenthe modelscanbe
validatedon the other200 obsenrations. Sincewe have the true function, we could alsogenerate
additionaldatafrom the true modelandtestthefitted modelson muchlarger setsof data.Indeed|
did generat@anadditionall,000obserationsfrom theabore distributionsonwhich| couldtestmy
fitted model.

All of themodelsearchalgorithmsagreghatthe modelthatincludesbothexplanatoryariables
andusessix hiddennodesis the modelwith highestposteriorprobability andthatit hasnearlyall
of the posteriorprobability The BIC of the seven-nodemodelis about4 smaller which givesthe
six-nodemodelabout98%of the posterioprobability andthe seven-nodemodelhasthe other2%.

| thenranthe MCMC codefor 20,000burn-in iterationsand20,000draws from the posterior
distribution. To getfitted values| averagedhefitted valuesover eachof the20,000dravs from the
posterior Plotsof the original data,thefitted values,andtheresidualsareshavn in Figure5.2. In
thefigure,theleft columnis y; andtheright columnis y,. Thetop row is a plot of the obsered
datain thetrainingset,with y ontheverticalaxisandz; andz, onthebottomaxes. Thecenterow
shaws thefitted valueson theverticalaxis. Thebottomrow shavs theresidualontheverticalaxis.

In all casestheinterpolationfunctionof S-Plushasbeenusedto helpcreatehepicture,whichdoes
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Training Data

Training Data
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Figure5.2: A Six-NodeModel for the RobotArm Data

involve somesmallamountof additionalsmoothing but is the bestway to geta viewableimage.
Noticethattheresidualsarereasonablgcattered.
| thenusedheMCMC outputto fit themodelonthe200casesn thetestdataset. Thetheoretical

optimumvaluefor themeansquarecderror(MSE) is 0.005,andmy modelactuallymanagedo have
an MSE of 0.005007.This is certainlyan excellentfit! Plotsof the testdata,thefitted values,and
theresidualsareshavn in Figure5.3. Theredoesseemo besomesmallproblemwith theresiduals
for large valuesof z1, in thatfor y, theresidualsareunusuallynegative for large valuesof z; and
smallvaluesof z2, andthatfor y» theresidualsareunusuallylarge for large valuesof z; andz,.

However, the smallmeansquareerror shaws thatthis modeldoesindeedfit quitewell. In orderto
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Test Data
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Figure5.3: TestDatafor the RobotArm Problem

seeif thefit onthis particularsetof testdatais justalucky break,| alsogeneratec new testsetof
1,0000bsenrationsfrom the original distribution andfit the modelto thesedata. Indeed,the MSE
roseto 0.00565.Thisis still avery goodfit, andit will turnoutto becomparabléo thefits achieved
by competingnethodon thetestdata.

This datasehasalsobeenanalyzedyy several othersin the Bayesiameuralnetwork literature,
in particularMacKay (1992),Neal (1996),andMiller andRios Insua(1998b). Table5.7.3shavs
theMSE achiezed onthetestdataby themethodf eachof theabore competingmodels.MacKay
(1992) useswhat he calls the “evidence”for selectingthe numberof nodes. This evidenceis a

Gaussiarapproximatiorof a Bayesfactor Neitherhis modelwith highestevidence(which hasten
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Method MeanSquareErroron TestData
MacKay Gaussiampproximation
Solutionwith highestevidence 0.00573
Solutionwith lowesttesterror 0.00557
Neal,Hybrid Monte Carlo

16-NodeModel 0.00557
16 Nodeswith ARD 0.00549
Miuller andinsua

PosterioPredictions 0.00620
My modelfrom thisthesis
PosterioPredictions 0.00501

Table5.2: Comparisorof CompetingMethodsonthe RobotArm Data

nodes),or even his modelwith lowestMSE on the testdata(which hasnine nodes) fit aswell as
the modelfrom this thesis. Neal (1996) achiezes similar resultsto the bestmodelof MacKay by
usinghis hybrid Monte Carlomethodsandaveragingover his runsafterremoving a burn-in period.
Nealusesanetwork with sixteenhiddennodesunderthe paradigmthatchoosinga goodprior will
balancethe overfitting, and so one shoulduse more nodesthan necessarygo the MCMC mixes
well. Nealalsotriesapplyinghis modelselectiontechniquenf AutomaticRelevanceDetermination
(ARD), which is meantprimarily to selectexplanatoryvariablesby addinga hyperparameteto
controlthe magnitudeof the parametergor the explanatoryvariablesinsidethe logistic functions
(seeSectionl.4.4). Neal demonstratethe viability of ARD by addingextra “noise” explanatory
variablesandthenfitting a sixteen-nodenetwork to the data. In doing so, he managegso improve
his fit a little in the senseahat his MSE is smaller(seeTable5.7.3). In all casesNealis not that
concernedvith finding an optimal numberof hiddennodesto usein his model. Finally, Miller
andRiosInsua(1998b)appliedtheir reversible-jumpMCMC modelto thesedata. They foundthe
posteriordistribution on the numberof nodesto be the probabilities0.30,0.53,0.15,and0.02for
six, se/en, eight, and nine nodesrespectiely. Using the full posterior(averagedover all model
sizes)gave a setof predictionson thetestdatathathadMSE 0.0062.

Comparedo theabore methodsmy methodshave founda modelwhichis bothmoreparsimo-

nious(having fewer nodes)swell asbetterfitting (in thatits MSE on thetestdatais smaller).
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5.7.4 Ozone

The modelsearchmethodswere appliedto the groundleel ozonedataof Breimanand Friedman
(1985) that was introducedin Chapterl. Thereare 330 obserations of the responsevariable,
groundl@el ozone(asa pollutant),and nine explanatoryvariables:VH, the altitude at which the
pressurés 500millibars; WIND, thewind speedmph)atLos AngelesinternationalAirport (LAX)
; HUM, the humidity (%) atLAX; TEMP, thetemperaturédegreesF) at Sandlirg Air ForceBase;
IBH, thetemperaturénversionbaseheight(feet); DPG, the pressuragyradient(mm Hg) from LAX
to Daggert;IBT, theinversionbasetemperaturg¢degreesF) at LAX; VIS, thevisibility (miles)at
LAX; andDAY, thedayof theyear

All of thealgorithmsgenerallyfoundthatthe modelwith nearlyall of the posteriomprobability
wasonewith threenodesandfive variables(VH, HUM, DPG, IBT, DAY) having BIC 264. The
next bestmodelswereonewith six nodesandfive variablestHUM, DPG,IBT, VIS, DAY) having
BIC 260,andonewith threenodesandthreevariables(HUM, IBT, DAY) having BIC 259. It did
happerthatsometimeshe stepwisealgorithmandthe Occams Window algorithmwould getstuck
in a local maximumof the BIC and not find the global maximum,underscoringhe importance
of runningthosealgorithmswith several differentstartingmodels. The MCMC-basedalgorithms

(BARS andMC?) did not have this problemandcouldtypically find the globalmaximum.

Method R?
ACE, 9 variables| 0.82
ACE, 4 variables| 0.78

GAM 0.80
TURBO 0.80
Box-Tidwell 0.82

NeuralNetwork | 0.79

Table5.3: Comparisorof CompetingMethodson the OzoneData

This datasehasbeenanalyzecdy several othersin the nonparametricegressioriterature,and

soit is usefulfor comparinghe methodf thisthesisto othernonparametricegressiortechniques.
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BreimanandFriedman(1985)usedthis datasetn their paperon AlternatingConditionalExpecta-
tion (ACE). As a goodness-of-fimeasurethey usedthe estimatednultiple correlationcoeficient,
R2. They fit themodelbothusingall nineexplanatoryvariables aswell asasubsebf only four that
werechoservia a stepwisealgorithm(the four are TEMP, IBH, DPG,andVIS). The comparison
of the R?’sis shavn in Table5.7.4. Hastieand Tibshirani(1984)fit a Generalizedh\dditive Model
(GAM) to the data. Friedmanand Silverman(1989)fit the datausing TURBO. In the discussion
of the previous papey Hawkins (1989)fit the datawith linear regressionafter using Box-Tidwell
styletransformation®n the variables.For comparison| includetheresultof my modelwith three
nodesandfive explanatoryvariables.Table5.7.4shavs thatall of the abose methodshave similar

goodness-of-fito thedata.All of themethodslo manageo find areasonablét, but noneis clearly

betterthanthe others.

Method VH WIND HUM TEMP IBH DPG IBT VIS DAY
StepwiseACE X X X X
StepwiseGAM X X X X X X X X
TURBO X X X X X X
BRUTO X X X X X
OptimalNeuralNet (3 Nodes)| X X X X X
Second-bedtIN (6 Nodes) X X X X X
Third-bestNN (3 Nodes) X X X

Table5.4: Comparisorof VariableSelectiononthe OzoneData

Asidefrom the ACE modelwith only four variablestheothermodelsin Table5.7.4all usemore
explanatoryvariablesthandoesthe neuralnetwork, andarethuslessparsimoniousandsubjectto
increasedredictionerror Hastieand Tibshirani(1990)do a comparisorof seseral methodson
thesedatain termsof variable selection. In additionto someof the abase methods,they also
includea stepwisealgorithmfor their GAM models,aswell asa responséo TURBO which they
call BRUTO, whichis meanto do automaticvariableselectiorandsmoothingparameteselection.
Table5.7.4shavs the variableschoserby the modelsin eachof thesemethods. It is interestingto
notethatthemethodsseriouslydisagre@mnwhichvariablego select.Partly, thismaybebecaus¢he

variablesarehighly correlatedvith eachother sothatdifferentsubsetsnaygive similarpredictions.
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However, TURBO and BRUTO arelargely in agreementvith eachother And the threeneural
network modelshave similar choicesof variables althoughthesearevery differentfrom thoseof
TURBOandBRUTO. At theveryleast,it doesseentlearthatsomevariableselectioris necessary
becausef the high level of correlationbetweerthe explanatoryvariablesevenif thereis dissent

aboutwhich subseis optimal.

5.8 Discussion

Computingposteriomprobabilitiesfor a collectionof neuralnetwork modelsis a very difficult task.
In this chapter | have presentec methodfor searchinghe modelspaceandfinding modelswith
high posteriorprobability My approachallows oneto simultaneouslgsearchacrosssubsetof ex-
planatoryvariablesand acrossnetworks of differentsizes,which the competingmethodsdo not
fully do. The BIC providesa reasonabl@pproximatiorfor the posteriomprobabilities. The BARS
approaclprovidesa usefulmethodfor finding the modelsof highestposteriomprobabilityin the ex-
pansie modelspacealthoughonecanusuallyachieve similar resultsby runningseveral stepwise
algorithmsfrom differentstartingmodels. Testson several canonicalexamplesshav thatmy ap-
proachperformswell whencomparedo othermethods! canoftenachieve asimilargoodness-of-fit
while usinga smaller moreparsimoniousnodel.

The methodsof this chapterallow oneto morefully accountfor uncertainty Model averag-
ing canhelpaccountfor the uncertaintyassociatedavith choosinga model. Sincethe modelspace
searchingechniqueslo not actuallyvisit all possiblemodels,thereis still someuncertaintystill
unaccountedor dueto the urvisited models,althoughthis is typically unavoidabledueto the vast
sizeof themodelspacepnehopesthatthe searchdoesfind all importantmodels sothatthe addi-
tional uncertaintyis neggligible. Finally, it is usefulto notethatthe Bayesiarframewvork allows easy
computatiorof furthermeasuresf uncertainty For example,it is straightforvardto getconfidence

banddor thefitted regressiorfunction,asshavn in Figure5.1.



Chapter 6

Conclusions

This thesisprovidesa completemethodologyfor Bayesiamonparametricegressiorusingneural

networks. It describe$iow to usea noninformatie prior, andshaws thatthis prior andmary other

reasonableriors are asymptoticallyconsistenfor the posterior It describeshow to searchthe

modelspacegor modelsof high posteriomprobabilityusingBayesiarRandomSearchindBARS) as

well assereralothermethodsThenonecaneitherusethe singlemodelof highestposteriomproba-
bility, or averageover the posteriodistribution of models.Theexamplesn Chaptels shav thatthe

modelsthatresultfrom themethodsn this thesisfit the datawell andperformwell whencompared
to competingnethods.Thesemethodsalsoallow oneto morefully accounfor uncertaintyandthe

Bayesiarframevork allows straightforvard uncertaintycalculations.

This thesiscontritutesto the body of statisticalresearchn severalways. It providesthe first
implementatiorof a fully noninformatve prior for neuralnetworks. It is thefirst detailedproof of
the asymptoticconsisteng of neuralnetworks for the posterior It suneys mary methoddor esti-
matingintegrals (normalizingconstants)andfindsthatthe BIC is oneof the mostrobust. Finally,
it contributesto the field of modelselectionand modelaveraging. BARS may exist by another
namein theliterature but I amnotfamiliarwith publishedapplicationf it. Little modelselection
work hasbeendonefor modelsthatarefit iteratvely, whereoneis not guaranteedo have fit the
model correctly and so one may have further trouble searchinghe model spacebecausef this

uncertainty Model selectionfor Bayesiameuralnetworks hasbeenincompletein thatno oneelse
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usesthefull posteriorfor selectingooththe numberof hiddennodesandthe subsebf explanatory
variables.Thisthesisfills in thatgap.

While the work in this thesisfeelslargely complete thereare somedirectionsfor future re-
search.One obvious extensionto this work is to apply the modelselectionresultsto modelsfor
binary cateyorical,or ordinalexplanatoryvariables.This mayinvolve eitherthe modelsof Chapter
2 or modelswith alternatve probability distributions (e.g.,multinomialinsteadof Gaussiarerror).
A majortheoreticresultthatwould bolsterthis thesiswould betheproofthatthe BIC minusthelog
of the Bayesfactorfor comparinghatmodelto the null modelis O, (1) andthattheBIC is asymp-
totically consistentor selectingthe true model. This hasbeenshavn truein mary othercasesbut
not yet for neuralnetworks. A proof of the approximatiorabilities of the BIC would be usefulin
furtherjustifying its usefor the modelsearchprocess Finally, therearesomecomputationaloose
ends.Chapted seemsomavhatincompletdn thatl couldnotfind amethodfor approximatinghe
normalizingconstantghatwasmoreaccuratehanthe BIC, which is not a high-orderapproxima-
tion. Perhapsnorework in this areacould producebetternumericalintegrationandapproximation
techniquesAlso, thecurrentimplementationsf themodelsearchinglgorithmsarefar from maxi-
mally efficient. Thereis muchroomfor improvementin termsof computationaspeedln particular
theremaybe waysto allocatehow muchtime oneshouldspendtrying to fit eachparticularmodel
in thatmodelswith potentiallyhigh posteriorprobability shouldbe givenmoreattentionthanthose
thathave exceedinglysmallposteriomprobability (becausehey dont fit well, perhapdecausehey
have left out a necessargxplanatoryvariable). Becausef the uncertaintyin fitting anindividual
model,it is sometimedardto tell if the modelis badbecausef a poorfitting job or becausehe
modelis actuallybad. Knowing which modelsone shouldpay more attentionto fitting carefully

(andthusconsumingmorecomputingtime) would helptheefficiengy of thealgorithms.
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